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Starting observation
If H

0

(q; p) = jpj

2

=2 is the kineti
 energy on R

2n

and �

j

(q; p) = q

j

are the position observables, then

�

f�

j

; H

0

g; H

0

	

= 0:

Thus,

� the time evolution of �

j

under the 
ow '

0
t

of H

0

is lineal with

growth rate f�

j

; H

0

g = p

j

� traje
tories f'

0
t

(q; p)g

t2R

with p 6= 0 es
ape from the balls

B

r

:=

�

q 2 R

n

j jqj � r

	

as jtj ! 1

� if H 2 C

1

(R

2n

) is a suitable perturbation of H

0

, the perturbed

traje
tories 
orresponding to f'

0
t

(q; p)g

t2R

also es
ape from B

r
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� the di�eren
e of sojourn times in B

r

between the two traje
tories

may 
onverge to a �nite value (
alled the global time delay for

(q; p)) as r !1

H

0

H

M
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� the di�eren
e of sojourn times in B

r

between the two traje
tories

may 
onverge to a �nite value (
alled the global time delay for

(q; p)) as r !1

What happens when H
0

and H are abstract Hamiltonians

on a symplectic manifold M ?
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Free Hamiltonian and position observables

(M;!) is a symple
ti
 manifold. For f; g 2 C

1

(M), we de�ne the

Hamiltonian ve
tor �eld X

f

and the Poisson bra
ket ff; gg by

df( �) := !(X

f

; �) and ff; gg := !(X

f

; X

g

):

H

0

2 C

1

(M) is an Hamiltonian with 
omplete 
ow f'

0
t

g

t2R

and


orresponding Hamiltonian evolution equation:

d

dt

f Æ '

0
t

= ff;H

0

g Æ '

0
t

; t 2 R :
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We 
onsider a family of observables � � (�

1

; : : : ;�

d

) 2 C

1

(M ; R

d

)

with

�

j

H

0

:= f�

j

; H

0

g and rH

0

:= (�

1

H

0

; : : : ; �

d

H

0

):

The set of 
riti
al points

(H

0

;�) := (rH

0

)

�1

(f0g) �M

is 
losed and 
ontains the set (H

0

) of 
riti
al points of H

0

:

(H

0

;�) � (H

0

) �

�

m 2M j X

H

0

(m) = 0

	

:
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Assumption 1.1 (Position observables). For ea
h j = 1; 2; : : : ; d,

we assume that

�

f�

j

; H

0

g; H

0

	

= 0.

Thus, we have for t 2 R and m 2M that

�

�

j

Æ '

0
t

�

(m) = �

j

(m) + t f�

j

; H

0

g(m) +

t

2

2

�

f�

j

; H

0

g; H

0

	

(m) + � � �

= �

j

(m) + t

�

�

j

H

0

�

(m);

and ea
h orbit f'

0
t

(m)g

t2R

stays in (H

0

;�) if m 2 (H

0

;�),

or stays outside (H

0

;�) and is not periodi
 if m =2 (H

0

;�).
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Example 1.2 (H

0

(q; p) = h(p)). M := T

�

R

n

' R

2n

,

! :=

P

n
j=1

dq

j

^ dp

j

, H

0

(q; p) := h(p) with h 2 C

1

(R

n

; R ), and

�

j

(q; p) := q

j

.

Then, '

0
t

(q; p) =

�

q + t(rh)(p); p

�

, rH

0

= rh, and

�

f�

j

; H

0

g; H

0

	

=

�

(�

j

h)(p); h(p)

	

= 0:

Furthermore, (H

0

) = (H

0

;�) = R

n

� (rh)

�1

(f0g).
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Example 1.3 (Poin
ar�e ball). Let

�

B

1

:=

�

q 2 R

n

j jqj < 1

	

with

g

q

(X

q

; Y

q

) :=

4

(1� jqj

2

)

2

(X

q

� Y

q

); X

q

; Y

q

2 T

q

�

B

1

' R

n

;

H

0

: T

�

�

B

1

! R ; (q; p) 7!

1
2

n

X

j;k=1

g

jk

(q)p

j

p

k

=

1
8

jpj

2

�

1� jqj

2

�

2

:

H

0

has 
omplete 
ow on M := T

�

�

B

1

nH

�1

0

(f0g) '

�

B

1

� R

n

n f0g,

� :M ! R ; (q; p) 7! tanh

�1

�

2(p � q)

jpj(1 + jqj

2

)

�

;

satis�es Assumption 1.1 with rH

0

=

p

2H

0

, and

(H

0

) = (H

0

;�) = ?.
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�(q; p) is the signed geodesi
 distan
e between q and the 
losest

point to 0 2

�

B

1

on the geodesi
 
urve generated by (q; p).



10/26

Wave maps and scattering map

Assumption 1.4 (Potential). H 2 C

1

(M) has 
omplete 
ow

f'

t

g

t2R

and V := H �H

0

is of bounded support in �

(there

exists R

V

� 0 su
h that j�(m)j � R

V

for all m 2 supp(V )).

The sets of �-bounded traje
tories are

B

�

�

:=

�

m 2M j 9R � 0 su
h that

�
�

�

�

'

�t

(m)

�

�
�

� R for all t � 0

	

:

(Existen
e of wave maps) Let H

0

; H satisfy

Assumptions 1.1 and 1.4. Then, the wave maps

W

�

:= lim

t!�1

'

�t

Æ '

0
t

exist and are symple
tomorphisms from M n (H

0

;�) to

M nB

�

�

.
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Theorem 1.5 (Existen
e of wave maps). Let H

0

; H satisfy

Assumptions 1.1 and 1.4. Then, the wave maps

W

�
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'

�t

Æ '

0
t

exist and are symple
tomorphisms from M n Crit(H
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;�) to

M nB
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.
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Lemma 1.6 (Completeness of wave maps). Let H

0

; H satisfy

Assumptions 1.1 and 1.4, plus some te
hni
al 
ondition.

Assume there exists Æ > 0 su
h that

�

� � rH

0

; H

	

(m) > Æ for all

m 2M . Then, B

�

�

= ? and the wave maps

W

�

:M n Crit(H
0

;�)!M

and the s
attering map

S :=W

�1

+

ÆW

�

:M n Crit(H
0

;�)!M n Crit(H
0

;�)

are well de�ned symple
tomorphisms.

� The assumption

�

� � rH

0

; H

	

> Æ is a virial-type 
ondition


oming from the requirement

d

2

dt

2

�

j�j

2

Æ '

t

�

> Æ.

� The assumption

�

� � rH

0

; H

	

> Æ 
an be made lo
al (no need

for V to be globally \repulsive").
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S

t! +1

W

�

(m)

t! �1

W

�

'

t

�

W

�

(m)

�

'

0
t

(m)

m

S(m)

W

+

'

0
t

�

S(m)

�

Figure 1: Wave maps W
�

and scattering map S
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Time delay in classical scattering theory

Suppose for a moment that:

Assumption 1.7 (Wave maps).

(i) W

�

= lim

t!�1

'

�t

Æ '

0
t

exist on some open sets D

�

�M .

(ii) W

�

are invertible, with W

�1

�

: Ran(W
�

)! D

�

.

(iii) W

�

have 
ommon ranges Ran(W
+

) = Ran(W
�

).
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Assumption 1.7 (Wave maps).

(i) W

�

= lim

t!�1

'

�t

Æ '

0
t

exist on some open sets D

�

�M .

(ii) W

�

are invertible, with W

�1

�

: Ran(W
�

)! D

�

.

(iii) W

�

have 
ommon ranges Ran(W
+

) = Ran(W
�

).

(we have seen conditions guaranteeing this)
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� �

�
r

, 
hara
teristi
 fun
tion for the set �

�1

(B

r

).

� Sojourn time in �

�1

(B

r

) for the free traje
tory starting from

m

�

2 D

�

at t = 0:

T

0

r

(m

�

) :=

Z

R

dt

�

�

�
r

Æ '

0
t

�

(m

�

):

� Corresponding sojourn time for the perturbed traje
tory

starting from W

�

(m

�

) at time t = 0:

T

r

(m

�

) :=

Z

R

dt

�

�

�
r

Æ '

t

ÆW

�

�

(m

�

):

� Time delay in �

�1

(B

r

) for the s
attering system (H

0

; H) with

starting point m

�

:

�

r

(m

�

) := T

r

(m

�

)�

1
2

�

T

0

r

(m

�

) +

�

T

0

r

Æ S

�

(m

�

)

	

:
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Theorem 1.8 (Time delay). Let H

0

and H satisfy Assumptions

1.1 and 1.7, and let m

�

2 D

�

n Crit(H
0

;�) satisfy

S(m

�

) =2 Crit(H
0

;�), plus some te
hni
al 
ondition. Then,

lim

r!1

�

r

(m

�

) = T (m

�

)� (T Æ S)(m

�

)

with T :M n Crit(H
0

;�)! R the C

1

-fun
tion given by

T := � �

rH

0

jrH

0

j

2

:

�

�T (m) R

d

�(m) (rH

0

)(m)

(rH

0

)(m)

j(rH

0

)(m)j

�
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position �(m) and velocity (rH

0

)(m) intersects the hyperplane

orthogonal to the unit vector (rH

0

)(m)

j(rH

0

)(m)j
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Some 
omments:

� Set � (m

�

) := lim

r!1

�

r

(m

�

). Sin
e

T Æ '

0
t

= T + t and '

0
t

Æ S = S Æ '

0
t

;

one has

�

� Æ '

0
t

�

(m

�

) =

�

(T � T Æ S) Æ '

0
t

	

(m

�

) = � (m

�

);

meaning that � is a �rst integral of the free motion.

� The formula of the theorem should be 
ompared to the

Eisenbud-Wigner formula of quantum me
hani
s:

lim

r!1

�

r

(') = h'; T'i

H

� hS'; TS'i

H

= �h'; S

�

[T; S℄'i

H

= �

D

'; iS

�

dS

dH

0

'

E

H

:
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� If

j(rH

0

)(m

�

)j

2

= j(rH

0

Æ S)(m

�

)j

2

;

then one 
an repla
e in the theorem the symmetrized time delay

�

r

(m

�

) by the unsymmetrized time delay

�

in

r

(m

�

) := T

r

(m

�

)� T

0

r

(m

�

):
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Example 1.9 (H

0

(q; p) = h(p), 
ontinued). Let

H(q; p) := h(p) + V (q) with V 2 C

1




(R

n

; R ). Under some


onditions on h, one 
an �nd an open subset U � R

2n

on whi
h

all the assumptions are satis�ed.

So, the theorem on time delay applies, and one has for

(q

�

; p

�

) 2 U

lim

r!1

�

r

(q

�

; p

�

) = T (q

�

; p

�

)� T (q

+

; p

+

)

=

q

�

� (rh)(p

�

)

j(rh)(p

�

)j

2

�

q

+

� (rh)(p

+

)

j(rh)(p

+

)j

2

;

with (q

+

; p

+

) := S(q

�

; p

�

).
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Example 1.10 (Poin
ar�e ball, 
ontinued). Let

H(q; p) := H

0

(q; p) + V (q) with V 2 C

1

(

�

B

1

; R ). One 
an �nd an

open subset U �M on whi
h all the assumptions are satis�ed.

So, the theorem on time delay applies, and one has for

(q

�

; p

�

) 2 U

= lim

r!1

�

r

(q

�

; p

�

) = T (q

�

; p

�

)� T (q

+

; p

+

)

.
.
.

=

2

n

tanh

�1

�

2(p

�

�q

�

)

jp

�

j(1+jq

�

j

2

)

�

� tanh

�1

�

2(p

+

�q

+

)

jp

+

j(1+jq

+

j

2

)

�o

jp

�

j(1� jq

�

j

2

)

;

with (q

+

; p

+

) := S(q

�

; p

�

).



19-a/26

Example 1.10 (Poin
ar�e ball, 
ontinued). Let

H(q; p) := H

0

(q; p) + V (q) with V 2 C

1

(

�

B

1

; R ). One 
an �nd an

open subset U �M on whi
h all the assumptions are satis�ed.

So, the theorem on time delay applies, and one has for

(q

�

; p

�

) 2 U

= lim

r!1

�

r

(q

�

; p

�

) = T (q

�

; p

�

)� T (q

+

; p

+

)

.
.
.

=

2

n

tanh

�1

�

2(p

�

�q

�

)

jp

�

j(1+jq

�

j

2

)

�

� tanh

�1

�

2(p

+

�q

+

)

jp

+

j(1+jq

+

j

2

)

�o

jp

�

j(1� jq

�

j

2

)

;

with (q

+

; p

+

) := S(q

�

; p

�

).



20/26

Calabi invariant of the Poincaré scattering map
Let (M

0

; !

0

) be an exa
t 2n

0

-dimensional symple
ti
 manifold with

!

0

= d� for some 1-form �. Let  be a symple
tomorphism of M

0

with 
ompa
t support su
h that

��  

�

� = df for some f 2 C

1

0

(M

0

):

(hamiltomorphisms satisfy this; f is a �-generating function of  )

The Calabi invariant of  is

Cal( ) :=

1

n

0

+ 1

Z

M

0

f(m)

w

0n

0

(m)

n

0

!

2 R :

� Cal( ) is independent of the 
hoi
e of �,

� the restri
tion Calj

fhamiltomorphisms with 
ompa
t supportg

is a

homomorphism (see e.g. [M
Du�/Salamon98℄).
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Assume that M is exa
t with dim(M) � 4. Suppose that

� Assumption 1.1 holds,

� V has 
ompa
t support (plus some te
hni
al 
ondition),

� U � R is an open set su
h that

(i) H

�1

0

(U) \ Crit(H
0

;�) = ?,

(ii) there exists Æ > 0 su
h that

�

� � rH

0

; H

	

(m) > Æ for all

m 2 H

�1

0

(U).

Then

� The maps

W

�

: H

�1

0

(U)! H

�1

(U) and S : H

�1

0

(U)! H

�1

0

(U)

are well de�ned symple
tomorphisms.
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� For ea
h E 2 U , �

0
E

:= H

�1

0

(fEg) is regular submanifold of M

and

�

E

=

�

m 2 �

0
E

j (� � rH

0

)(m) = 0

	

:

is (in �

0
E

) a lo
al transversal se
tion of the ve
tor �eld X

H

0

j

�

0
E

(see [Abraham/Marsden78℄).

� The orbit spa
e

e

�

0
E

:= �

0
E

=R , i.e. the quotient of �

0
E

by the

group a
tion

'

0;E

: R � �

0
E

! �

0
E

; (t;m) 7! '

0;E

t

(m);

is a symple
ti
 manifold of dimension 2(n� 1).

� The restri
ted s
attering map S

E

:= Sj

�

0
E

indu
es a

symple
tomorphism

e

S

E

on

e

�

0
E

(
alled the Poin
ar�e s
attering

map) with 
ompa
t support.
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Using a theorem of [Buslaev/Pushnitski10℄ giving the expression of

d

dE

Cal(

e

S

E

) in terms of integrals over transversal se
tions, we

obtain:

(Calabi invariant) Under the pre
eding

assumptions, one has

d

dE

Cal

�

e

S

E

�

= �

Z

�

E

lim

r!1

�

r

(m)

!

n�1

(m)

(n� 1) !

=

Z

�

E

(� Æ S)(m) � (rH

0

Æ S)(m)

j(rH

0

Æ S)(m)j

2

!

n�1

(m)

(n� 1) !

:
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Example 1.12 (H

0

(q; p) = h(p), the end). If the dimension of

M ' R

2n

is � 4 and V has 
ompa
t support, then all the

assumptions are veri�ed for an open set U � R .

So, the theorem on the Calabi invariant applies, and one has

for ea
h E 2 U

d

dE

Cal

�

e

S

E

�

=

Z

f(q;p)2R

2n

jh(p)=E; q�(rh)(p)=0g

q

+

� (rh)(p

+

)

j(rh)(p

+

)j

2

!

n�1

(q; p)

(n� 1) !

;

with (q

+

; p

+

) := S(q; p).

In the 
ase h(p) = jpj

2

=2, one obtains

d

dE

Cal

�

e

S

E

�

= (2E)

(n�3)=2

Z

S

n�1

d

n�1

bp

Z

q�p=0

d

n�1

q

�

q

+

� p

+

�

;

with bp := p=jpj and d

n�1

bp the spheri
al measure on S

n�1

.
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+

)

j(rh)(p

+
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In the 
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n�1

q

�
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+
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+
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n�1
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al measure on S

n�1

.
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Example 1.12 (H

0

(q; p) = h(p), the end). If the dimension of

M ' R

2n

is � 4 and V has 
ompa
t support, then all the

assumptions are veri�ed for an open set U � R .
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In the 
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n�1
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q�p=0
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�
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+

� p

+
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;

with bp := p=jpj and d
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n�1
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Example 1.13 (Poin
ar�e ball, the end). If the dimension of

M '

�

B

1

� R

n

n f0g is � 4 and V has 
ompa
t support, then all

the assumptions are veri�ed for an open set U � R .

So, the theorem on the Calabi invariant applies, and one has

for ea
h E 2 U

d

dE

Cal

�

e

S

E

�

= (2E)

�1=2

Z

f(q;p)2

�

B

1

�R

n

nf0gjjpj

2

(1�jqj

2

)

2

=8E; p�q=0g

�(q

+

; p

+

)

!

n�1

(q; p)

(n� 1) !

;

with �(q; p) = tanh

�1

�

2(p�q)

jpj(1+jqj

2

)

�

and (q

+

; p

+

) := S(q; p).
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