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General case

e #, Hilbert space with norm || - || and scalar product (-, - )y

AB(H), set of bounded linear operators on ‘H

 (H), set of compact operators on H

A, self-adjoint operator in H with domain D(A)



General case

Definition
S e CK(A) if S € #(H) and if the map

R >t e M Se™ ¢ B(H)

is strongly of class CK.

Intuitively, if S € C¥(A), then the k-th commutator

[ [[S, AL A, ..., Al

k times

is a well-defined bounded operator.



General case

Theorem

Let (Uj)jcs be a net in U(H), let (¢;)jes C [0,00) satisfy £; — oo, let A
be self-adjoint in H with U; € C1(A) for each j € J, and suppose that

D:=slimD; with D;:=[A UJU™
J

exists.

(a) For each ¢ = Dp € DD(A) and 1) € D(A) there is ¢, > 0 such that

e, Ul < 1D = D)@l ll¥lloe + 7 oy &> 0.

In particular, lim;(&, U;C) = 0 for all ¢ € ker(D)* and ¢ € H.




General case

Theorem (Continued)

(b) Assume that D = Dj for all j € J. Then for each ¢ € DD(A) and
Y € D(A) there is ¢, > 0 such that

(. Ul < 2 o € 0.
(c) Assume that D = D;j for all j € J, that D € C*(A), and that
[A, D] = DB with B € C(""Y(A) and [D,B] =0 (n>1). Then for
each ¢ € D"D(A") and 1) € D(A") there is ¢, > 0 such that

(o, U)ol < o 4> 0.




General case

If [A, -] is seen as a derivation on the set (U;), then D corresponds to an
operator-valued winding number for the map j — U; (the usual logarithmic

dz

derivative <Z is replaced by the “logaritmic derivative” [A, U] Ujfl ).

The U; can be given by a representation % : X — U(H) of a topological
group X and the {; by a proper length function ¢ : X — [0, c0).

If the U; are given by a representation, then the property

lim;(&, UiQ)n =0, & € ker(D)*:, ( € H,

is a mixing property of the representation in ker(D)> .




General case

Idea of the proof

—
[«5)
~—

((D — D)@, Ujb)n + (D;@, Uiy

(D = D)@llacllellze + Z [{A, UU G, Ui

< (D = D)@l ¥l + 7 [{AZ, Ui)ae| + 7 [(@, UjAv)]
< I(D = D)@l 1l + 7 o

|<907 JQ;Z) }
<|

with ¢,y = [| Al l[¥ [l + @ll2l Al

(b) Direct consequence of (a).

]

(c) Induction over n, starting from (b) for n = 1.




Unitary representations with self-adjoint generator

Unitary representations with self-adjoint generator

Suppose that the U; are given by a strongly continuous representation
U R — U(H).

Then Stone’s theorem implies the existence of a self-adjoint operator H
such that % (t) = e~ for each t € R.

— continuous time case —



Unitary representations with self-adjoint generator

Proposition (The case [iH, A] = f(H))

Let H and A be self-adjoint in H, assume that (H — i)~! € C1(A) with
[iH,A] = f(H) for some f : R — R, and set g(x) := f(x)(1+ x?)~L.
(a) For each ¢ € g(H)D(A) and ¥ € D(A) there is ¢, > 0 such that

(o, e )| < lc,y, t>0.

(b) If g(H)D(A) C D(A), then H|yer(£(ty)+ has purely a.c. spectrum.

(c) Suppose that f € C"(R) (n > 1) with g9} € L2(R) N L>=(R) for
k=0,...,n and g uniformly continuous. Then for each
¢ € g(H)"D(A") and ¢) € D(A") there is ¢, > 0 such that

[{poe™™ Y)u| < o, t>0.




Unitary representations with self-adjoint generator

Idea of the proof.

(a) Apply point (b) of the theorem in the case (U;)jcs = (¢7™)¢s0, the
set (¢;)jcs = (t)e>0, the operator A= (H +i)"*A(H — i)™, and

t t
0

= g(H)
—D.

~ . . t . .
Dy = 1[A e ] ™ = 1/ dr e ™H(H + i) MiH, A((H — i)t e

(b) Point (a) implies that t > (1, e~ 1)) 4, is in L2(R) for suitable
1 € H. Then Plancherel’s theorem implies that the spectral measures
my(-) = HEH()’Q/JH%[ are a.c.

(c) The assumptions on f and g guarantee that point (c) of the theorem
applies. O




Unitary representations with unitary generator

Unitary representations with unitary generator

Suppose that the U; are given by a representation % : Z — U(#H).

Then, since Z has generator 1, there exists a unitary operator U such that
U (m) = U™ for each m € Z.

— discrete time case —



Unitary representations with unitary generator

Proposition (The case [A, U] = v(V))

Let U and A be unitary and self-adjoint in H, assume that U € C'(A)
with [A, U] = v(U) for some v : St — C, and set n(U) := y(U)U L.
(a) For each ¢ € n(U)D(A) and ¢ € D(A) there is ¢,y > 0 such that

‘<‘P: Unw>7-t‘ < %Qp,d,, n>1.

(b) Ifn(U)D(A) C D(A), then Ulyer(y(uy)- has purely a.c. spectrum.

(c) Suppose that v € CK(SY) (k > 1). Then for each ¢ € n(U)*D(AK)
and v € D(AK) there is c,, > 0 such that

(o, Up)p| < Ecpy N2> 1

Idea of the proof.

Similar to the self-adjoint case.




Examples

The theory applies to various models:

e Left regular representation
e Schrodinger operator in R”

Dirac operator in R3

Quantum waveguides in R”

Stark Hamiltonian in R”

Fractional Laplacian in R”

Horocycle flow



Adjacency matrices

Jacobi matrices

Schrodinger operators on Fock spaces
Multiplication by A in L2(R,, du)

o H= -0 + 0y in R2

o H=—-X?>A - AX’>*inR,

e Quantum walks on Z
e Quantum walks on trees

e Skew products



Left regular representation

e X, o-compact locally compact Hausdorff group with identity e and
left Haar measure .

e /, proper length function on X,
(L1) ¢(e) =0,
(L2) £(x71) = £(x) for all x € X,
(L3) l(xy) < €(x)+{(y) for all x,y € X,
(L4) if K C [0,00) is compact, then £~1(K) C X is relatively compact.

o U : X — U(H), left regular representation of X on H

U(X)p = p(x), xeX, peH =L(X,p).



Let A be the operator of multiplication by ¢
Ap =Ly, e D(A):={peH||lpln < oo}
Then for any net (xj)jcs C X with x; — oo we have

D = s-lim D} = s-lim o5 [A, % ()% () 1 = -~ = —1.
J J J

Thus point (a) of the theorem implies that for each ¢, € D(A) there is
Co = 0 such that

(. % (x))a] < (D = D)ol 19l + gy Cor £lx5) > O

(new proof - not using convolutions - of the mixing property of the left
regular representation)



. Bempes

Doing explicit computations, one can show higher decay estimates such as

[0, % 0)0m| < gy o or (0 % ()| < g o

Remark

In general % doesn’t have neither a self-adjoint generator nor a unitary
generator.




Horocycle flow

Y, finite volume Riemann surface of genus > 2

e M := T'X, unit tangent bundle of ¥ with probability measure jq
induced by volume form

e [i0-preserving flows: horocycle F; := (F1,+)ter and geodesic
Fo :=(Fo,t)ter

Self-adjoint generator H; in H := L2(M, ugq),

Hip := —iLxp, @€ CZ(M),

with X; the vector field associated to F; and Exj its Lie derivative



One has (H; — i)~ € CY(H,) with [iHy, Ho] = Hy. So, the proposition
applies with f(Hy) = H1, g(H1) = Hi(1 + H?)~* and
ker(f(H1)) = ker(Hy).

Thus Hi|yer(H,)+ has purely a.c. spectrum (well-known) and for each
¢ € g(H1)"D(H5) and ¢ € D(H3) (n > 1) there is ¢, > 0 such that

(@, 0 Fre)u| = [{p, e ™ y)gy| < 2 ey, t>0.

(new proof of polynomial decay of correlations for the horocycle flow not
using the identification M ~ I\ PSL(2, R) or representation theory)



In the case of a time-change of the horocycle flow and ¥~ compact, one
“only” obtains the mixing property with this approach.




Quantum walks on trees

o T :=(a1,...,aq | a3 =--- = a3 = e), homogeneous tree of odd
degree d > 3 and word length | - |




Te ={xeT||x|€2N} and To:={x € T | |x] € 2N+ 1} with
characterlstlc functions e := x7. and xo 1= XT3-

e Quantum walk with evolution operator U := SC in H := (?(T,C9)

S141,142 0
S = v Sddt1:=Sd1, Sd+1,d+2 == S1.2,

0 Sdi1,d+2
Sijf = xef(-ai)) + xof (-3;), i,j€{L,....d}, fel*(T),
(Co)(x) = C(x)p(x), peH, xeT, C(x) e U(d).

Assumption (Short-range)

Fori=1,...,d, there is a diagonal matrix C; € U(d) and €; > 0 such that

1€6)

il g(cay < Const. (14 x?)~+)2 fxeT;

where Tj := {x € T | the first letter of x € T is a;}.




There exist A self-adjoint in H, Uy unitary in Hg, Ag self-adjoint in Hg
and J € B(Ho, H) such that U € C(A), Uy € C>®(Ap) and

JJF =13, Ao, UolUpgt =2, [A UJUTY — J[Ag, UplUy tJ* € H (H).
Then, by compacity arguments:

D =s-limD, = s—_|>im A UunMuU—"

n—o00 n
n—1
— oliml m —Hy—m
_%mnzou (A, UlU U
n—1
= glim 3 U0 GIUTIUTRY) ()

= 2PC(U)

with P.(U) the projection onto the continuous subspace of U.



Thus point (a) of the theorem implies that for each ¢ = Dp € DD(A)
and ¢ € D(A) there is ¢, > 0 such that

(0, U)ae| < (D = Dn)@llacll9llae + 5 copy 0> 1

One cannot easily improve this estimate, because its proof uses RAGE
theorem, whose proof relies on a discrete version of Wiener's theorem,
which doesn’t come with an explicit rate of convergence.




Gracias!
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