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Discrete-time unitary evolution without interaction



interaction

Discrete-time unitary evolution with interaction



Free propagator and position operators

Free propagator and position operators

e Up, unitary operator with spectrum o(Up) C S* and spectral measure
E% in a Hilbert space H, (free propagator)

e Q:=(Q1,...,Qq), family of mutually commuting self-adjoint
operators in Ho (position operators)

e Evolution of Uy along the flow generated by Q

Uo(x) := e X @ (peXQ  xeRY.



Free propagator and position operators

Assumption (Regularity)

The map
RY 5 x > Up(x) Uyt € B(Ho)

is strongly differentiable on a suitable dense set 9 C Hy, and the operators

\/J(p — S-

' I.UO(X)U(;:lSD, jG{l,..-,d}, @6-@7
x=0

are essentially self-adjoint (+ some technical conditions).

V :=(Vi,..., Vy) is the velocity vector associated to Up and Q.
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Free propagator and position operators

Assumption (Commutation)

Uo(x) and Up(y) mutually commute for all x,y € RY.

This implies that Up(x) and V; mutually commute for all j € {1,...,d}
and x,y € RY.

~
N)
=



Free propagator and position operators

“Good"” and "“Bad" values in the spectrum of U :

Definition (Critical values)

e* € St is a regular value if there is § > 0 such that

lim [(V(v2 + 1) 4 0) 2 E% ()

< 0
HB(Ho)

where '
E%(X;0) == EY({e? |0 € (A - 8,1+ 9)}).

¢/* € Sl is a critical value if it is not a regular value, and x(Up) is the set
of critical values of Uj.

In short, k(Up) is the set of values in o(Up) where V = 0.



Locally Up-smooth operators

Locally Up-smooth operators

One can construct a self-adjoint operator A in Hg such that [A, Up] and
[A, [A, Up]] are bounded in some suitable sense, and

d
Uy A, Uo] = Z \/1-2(\/]2 + 1)_1 = strictly positive on S\ x(Up).
j=1



Locally Up-smooth operators

Using this positivity, one obtains:

Theorem (Locally Up-smooth operators)

Let the assumptions be satisfied.
(a) The spectrum of Uy in o(Up) \ k(Up) is purely absolutely continuous.

(b) Each operator B € Z(D((Q)*), Ho), with s > 1/2, is locally
Uo-smooth on St \ k(Up).

(b) means that for any closed set © C S\ x(Up) there exists cg > 0 such
that )

Z |B U(S’EU‘J(G))LpH7_[0 < coll¢ll3, forall p € Ho.

neZ
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Locally Up-smooth operators

Dumb example

Take Q = (Q1,...,Qy) and P = (Px, ..., P4) the position and
momentum operators in Ho := L2(R9), and Uy := ¢="P*. Then,

Uo(x) = e~ x'Q o—iP? oixQ _ e—i(P+x)2, x €RY,

and iUp(x) Uyt = ie~"(P+)* eiP* js strongly differentiable on 9 := .&(R?)
with V. = 2P. Thus, fore* € St and § > 0

tim [ (V2(V2 + 17 1 2) e (xc0)

B(Ho)

= lim H (4P2(4P2 + 1)L 4 o) LETT 5)”@(%),

so that k(Up) = {1} and o(Up) = dac(h).
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Summation formula and Mackey imprimitivity theorem

Summation formula and Mackey imprimitivity theorem

For t > 0, let

D :={ € D((Q)F) | ¢ = ¢(Uo) ¢ for some ¢ € C2°(S*\ k(o))
+ some technical condition}.

Theorem (Summation formula)

Let the assumptions be satisfied, and let f € #(R9) be real, even and
equal to 1 on a neighbourhood of 0 € RY. Then, we have for ¢ € D

im 3> (0. (U Fr Q@)U — UF@)Us "))y, = (2. Tridy,
n>0

with T¢ a pseudo-differential operator (in Q and V') satisfying on D

Uy [T, Uo] = —1.




Summation formula and Mackey imprimitivity theorem

e For each v >0,

> (o (U QU = UgF(vQ)Us ") @)yy, | < o

n>0

because the operator |f(vQ)|'/? is locally Up-smooth on S\ x(Up)
and ¢ has support outside x(Up).

e The proof of the theorem consists in calculating the sum, and then
doing lim,\ o (taking directly the limit inside the sum is not possible,
and would give zero!).

e The proof involves commutator methods for families of operators,
Trotter-Kato formula, domain arguments and a repeated use of
Lebesgue's dominated convergence theorem...
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Summation formula and Mackey imprimitivity theorem

e The relation
Uy L[ Tr, Uo] = —1.

is the unitary analogue of the canonical time-energy commutation
relation [H, T] = i. So, T¢ is a time operator for Up, and should be
equal in some sense to the operator — U ddTO'

Using Mackey imprimitivity theorem (generalisation of Stone-von
Neumann theorem), one shows under certain conditions that Ty acts
as the differential operator —z & (z € S?) in a Hilbert space

isomorphic to Hp.
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Summation formula and Mackey imprimitivity theorem

e The |.h.s. of the formula is the difference of times spent by the state
Uf ¢ in the future (first term) and in the past (second term) in the
region defined by the localisation operator f(rQ).

So, the formula says that this difference of times converges as v \ 0
to the expectation value in ¢ of the time operator Tr.
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Summation formula and Mackey imprimitivity theorem

Dumb example (Continued)

If Ho = L2(RY) and Uy = e~ then

D1 = {p € D((Q)) | ¢ = ¢(¢™™ ) for some ¢ € C(S*\ {1})
-+ some technical condition}.

is dense in Ho. Furthermore, if f radial, then
Tf:—%(Q'%—F%‘Q) on Dl.

Thus, T is symmetric on Dy and acts as —zd% (z € St) in the spectral
representation of Uy.
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Quantum time delay

Quantum time delay

e U, unitary operator in a Hilbert space H (full propagator)
o J € B(Ho, H), identification operator

Assumption (Wave operators)

The wave operators

Wi = s- I|m U™"JUy Pac(Uo)

n—-+oo

exist and are partial isometries with initial subspaces 7-[3: C Ho and final
subspaces Hac(U).

Thus, the scattering operator
Si=WiW_: Hy — HE

is a well-defined unitary operator commuting with Up.



Quantum time delay

For r > 0, f € .7(RY) non-negative and equal to 1 on a neighbourhood ¥
of 0 € RY, and suitable ¢ € Hg, we define

TP(e) =Y _ (U, F(Q/r)Ugep),,.

neZ

Tra(p) =Y (JU"W_p, f(Q/r)J*U"W_p),
neZ

To(p) =Y (U"W_g, (1= JJ)U"W ), .
neZ

If o2, = 1. then
o T2(p), time spent by Ujy inside EQ(rZ)Ho,

e T,1(y), time spent by U"W_q inside EQ(rX)Ho after being injected
in Ho by J*,

e Ty(p), time spent by U"W_y inside (1 — JJ*)H.
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Quantum time delay

The symmetrised time delay of the scattering system (Up, U, J, ¢) in the
region defined by f(Q/r) is

T™(0) == (Tra(e) + Ta(e)) — 3(T2(p) + T2(S¥)).

The non-symmetrised time delay of the scattering system (U, U, J, ¢) in
the region defined by f(Q/r) is

() = (Tra(p) + Ta(p)) — T2(9).
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Quantum time delay

0 o

Before interaction

After interaction

Classical scattering in a waveguide: The non-symmetrised time delay does
not exist because the longitudinal velocities before and after interaction
are not comparable.
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Quantum time delay

Theorem (Symmetrised time delay)

Let the assumptions be satisfied. Let f € .#(R?) be non-negative, even
and equal to 1 on a neighbourhood of 0 € RY. Let ¢ € Hy NDy satisty
Sy € Dy plus some technical assumption. Then,

lim 7Y™ (p) = <<p, 5*[Tf,5]<p>H0. (%)

r—o0

e The l.h.s. of (%) is the symmetrised time delay as r — oo, and the

r.h.s. of () is the expectation value in ¢ of the time delay operator
S*[ T, S].

e When Ty acts as _UOddTo' one gets an analogue of Eisenbud-Wigner
formula for unitary scattering systems:

dS
li sym —S*U, :
an;oT () = < odU0 >Ho
e The main ingredient of the proof is the summation formula.
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Quantum time delay

Theorem (Non-symmetrised time delay)

If the assumptions of the previous theorem are satisfied and [V, S] = 0,
then

lim Tfnsym(()p) = lim Tfym((p) = <9075*[Tf75](p>7-[0'

r—oo r—o0

The relation [V2, S] = 0 means that the norm of the velocity is preserved
by the scattering process. Thus, the symmetrisation is not needed because
the norm of the velocities before and after interaction are comparable.



Quantum time delay

Gracias !
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