New formulae for the wave operators for a rank one interaction

Rafael Tiedra de Aldecoa (Pontificia Universidad Católica de Chile)

PUC, May 2009

Joint work with Serge Richard (University of Cambridge)

Contents

1 The Hamiltonians 3 2 The perturbation 4 3 A formula for the wave operators 5 4 Topological version of Levinson^′s theorem 9 5 Sketch of the proof 10 6 An example 12 7 Some references 13

3/13

1 The Hamiltonians

In H := L^2(R), let H_0 ≡ X be the operator of multiplication by the variable (H_0f)(x) := xf(x), f ∈ D(H_0) ≡ H_1.

For u ∈ H, we consider the rank one perturbation of H_0

H_uf := H_0f + ⟨u, f⟩ u.

• The wave operators Ω_± := s- lim_{t→±∞} e^{itHu} e^{-itH0} exist and are asymptotically complete.

• The scattering operator S := Ω^∗_+Ω_- is unitary.

(S ≡ S(X) is an operator of multiplication by a function S : R → T)

3-a/13

1 The Hamiltonians

In H := L^2(R), let H_0 ≡ X be the operator of multiplication by the variable (H_0f)(x) := xf(x), f ∈ D(H_0) ≡ H_1.

For u ∈ H, we consider the rank one perturbation of H_0

H_uf := H_0f + ⟨u, f⟩ u.

• The wave operators Ω_± := s- lim_{t→±∞} e^{itHu} e^{-itH0} exist and are asymptotically complete.

• The scattering operator S := Ω^∗_+Ω_- is unitary.

(S ≡ S(X) is an operator of multiplication by a function S : R → T)

3-b/13

1 The Hamiltonians

In H := L^2(R), let H_0 ≡ X be the operator of multiplication by the variable (H_0f)(x) := xf(x), f ∈ D(H_0) ≡ H_1.

For u ∈ H, we consider the rank one perturbation of H_0

H_uf := H_0f + ⟨u, f⟩ u.

• The wave operators Ω_± := s- lim_{t→±∞} e^{itHu} e^{-itH0} exist and are asymptotically complete.

• The scattering operator S := Ω^∗_+Ω_- is unitary.

(S ≡ S(X) is an operator of multiplication by a function S : R → T)

3-c/13

1 The Hamiltonians

In H := L^2(R), let H_0 ≡ X be the operator of multiplication by the variable (H_0f)(x) := xf(x), f ∈ D(H_0) ≡ H_1.

For u ∈ H, we consider the rank one perturbation of H_0

H_uf := H_0f + ⟨u, f⟩ u.

• The wave operators Ω_± := s- lim_{t→±∞} e^{itHu} e^{-itH0} exist and are asymptotically complete.

• The scattering operator S := Ω^∗_+Ω_- is unitary.

(S ≡ S(X) is an operator of multiplication by a function S : R → T)

3-d/13

1 The Hamiltonians

In H := L^2(R), let H_0 ≡ X be the operator of multiplication by the variable (H_0f)(x) := xf(x), f ∈ D(H_0) ≡ H_1.

For u ∈ H, we consider the rank one perturbation of H_0

H_uf := H_0f + ⟨u, f⟩ u.

• The wave operators Ω_± := s- lim_{t→±∞} e^{itHu} e^{-itH0} exist and are asymptotically complete.

• The scattering operator S := Ω^∗_+Ω_- is unitary.

(S ≡ S(X) is an operator of multiplication by a function S : R → T)

3-e/13

1 The Hamiltonians

In H := L^2(R), let H_0 ≡ X be the operator of multiplication by the variable (H_0f)(x) := xf(x), f ∈ D(H_0) ≡ H_1.

For u ∈ H, we consider the rank one perturbation of H_0

H_uf := H_0f + ⟨u, f⟩ u.

• The wave operators Ω_± := s- lim_{t→±∞} e^{itHu} e^{-itH0} exist and are asymptotically complete.

• The scattering operator S := Ω^∗_+Ω_- is unitary.

(S ≡ S(X) is an operator of multiplication by a function S : R → T)

4/13

2 The perturbation

The vector u satisfies a weak regularity condition: Assumption 2.1. The function u ∈ H is Hölder continuous with exponent α > 0. Furthermore, if x_0 ∈ R satisfies u(x_0) = 0 and 1 - � R dy^{|u(y)|2}_{x0-y} = 0, then there exists an exponent α^′ > 1/2 such that | u(x) - u(y) | ≤ Const. |x - y|^{α ′} for all x, y near x_0.

• If u ∈ H is Hölder continuous with exponent α > 1/2, then the assumption holds.

• If u satisfies the assumption, then u is bounded and satisfies lim_{|x|→∞} u(x) = 0.

• If u satisfies the assumption, then H_u has at most a finite number of eigenvalues of multiplicity one (cf. [Alsholm80]).

4-a/13

2 The perturbation

The vector u satisfies a weak regularity condition: Assumption 2.1. The function u ∈ H is Hölder continuous with exponent α > 0. Furthermore, if x_0 ∈ R satisfies u(x_0) = 0 and 1 - � R dy^{|u(y)|2}_{x0-y} = 0, then there exists an exponent α^′ > 1/2 such that | u(x) - u(y) | ≤ Const. |x - y|^{α ′} for all x, y near x_0.

• If u ∈ H is Hölder continuous with exponent α > 1/2, then the assumption holds.

• If u satisfies the assumption, then u is bounded and satisfies lim_{|x|→∞} u(x) = 0.

• If u satisfies the assumption, then H_u has at most a finite number of eigenvalues of multiplicity one (cf. [Alsholm80]).

4-b/13

2 The perturbation

The vector u satisfies a weak regularity condition: Assumption 2.1. The function u ∈ H is Hölder continuous with exponent α > 0. Furthermore, if x_0 ∈ R satisfies u(x_0) = 0 and 1 - � R dy^{|u(y)|2}_{x0-y} = 0, then there exists an exponent α^′ > 1/2 such that | u(x) - u(y) | ≤ Const. |x - y|^{α ′} for all x, y near x_0.

• If u ∈ H is Hölder continuous with exponent α > 1/2, then the assumption holds.

• If u satisfies the assumption, then u is bounded and satisfies lim_{|x|→∞} u(x) = 0.

• If u satisfies the assumption, then H_u has at most a finite number of eigenvalues of multiplicity one (cf. [Alsholm80]).

4-c/13

2 The perturbation

The vector u satisfies a weak regularity condition: Assumption 2.1. The function u ∈ H is Hölder continuous with exponent α > 0. Furthermore, if x_0 ∈ R satisfies u(x_0) = 0 and 1 - � R dy^{|u(y)|2}_{x0-y} = 0, then there exists an exponent α^′ > 1/2 such that | u(x) - u(y) | ≤ Const. |x - y|^{α ′} for all x, y near x_0.

• If u ∈ H is Hölder continuous with exponent α > 1/2, then the assumption holds.

• If u satisfies the assumption, then u is bounded and satisfies lim_{|x|→∞} u(x) = 0.

• If u satisfies the assumption, then H_u has at most a finite number of eigenvalues of multiplicity one (cf. [Alsholm80]).

4-d/13

2 The perturbation

The vector u satisfies a weak regularity condition: Assumption 2.1. The function u ∈ H is Hölder continuous with exponent α > 0. Furthermore, if x_0 ∈ R satisfies u(x_0) = 0 and 1 - � R dy^{|u(y)|2}_{x0-y} = 0, then there exists an exponent α^′ > 1/2 such that | u(x) - u(y) | ≤ Const. |x - y|^{α ′} for all x, y near x_0.

• If u ∈ H is Hölder continuous with exponent α > 1/2, then the assumption holds.

• If u satisfies the assumption, then u is bounded and satisfies lim_{|x|→∞} u(x) = 0.

• If u satisfies the assumption, then H_u has at most a finite number of eigenvalues of multiplicity one (cf. [Alsholm80]).

5/13

3 A formula for the wave operators

The expression of the wave operators Ω_± involves singular integrals.

For x ∈ R and ε > 0, we set

I^ε_±(x) := � R dy |u(y)|^2 x - y ± iε .

Under the assumption on u, we have:

• The limit I_±(x) := lim_{ε↘0} I^ε_±(x) exists for all x ∈ R. • The set of x such that I_±(x) = 1 is finite.

=⇒ The domain D_± of [1 - I_±(X)]^{-1} in H is dense.

5-a/13

3 A formula for the wave operators

The expression of the wave operators Ω_± involves singular integrals.

For x ∈ R and ε > 0, we set

I^ε_±(x) := � R dy |u(y)|^2 x - y ± iε .

Under the assumption on u, we have:

• The limit I_±(x) := lim_{ε↘0} I^ε_±(x) exists for all x ∈ R. • The set of x such that I_±(x) = 1 is finite.

=⇒ The domain D_± of [1 - I_±(X)]^{-1} in H is dense.

5-b/13

3 A formula for the wave operators

The expression of the wave operators Ω_± involves singular integrals.

For x ∈ R and ε > 0, we set

I^ε_±(x) := � R dy |u(y)|^2 x - y ± iε .

Under the assumption on u, we have:

• The limit I_±(x) := lim_{ε↘0} I^ε_±(x) exists for all x ∈ R. • The set of x such that I_±(x) = 1 is finite.

=⇒ The domain D_± of [1 - I_±(X)]^{-1} in H is dense.

5-c/13

3 A formula for the wave operators

The expression of the wave operators Ω_± involves singular integrals.

For x ∈ R and ε > 0, we set

I^ε_±(x) := � R dy |u(y)|^2 x - y ± iε .

Under the assumption on u, we have:

• The limit I_±(x) := lim_{ε↘0} I^ε_±(x) exists for all x ∈ R. • The set of x such that I_±(x) = 1 is finite.

=⇒ The domain D_± of [1 - I_±(X)]^{-1} in H is dense.

5-d/13

3 A formula for the wave operators

The expression of the wave operators Ω_± involves singular integrals.

For x ∈ R and ε > 0, we set

I^ε_±(x) := � R dy |u(y)|^2 x - y ± iε .

Under the assumption on u, we have:

• The limit I_±(x) := lim_{ε↘0} I^ε_±(x) exists for all x ∈ R. • The set of x such that I_±(x) = 1 is finite.

=⇒ The domain D_± of [1 - I_±(X)]^{-1} in H is dense.

5-e/13

3 A formula for the wave operators

The expression of the wave operators Ω_± involves singular integrals.

For x ∈ R and ε > 0, we set

I^ε_±(x) := � R dy |u(y)|^2 x - y ± iε .

Under the assumption on u, we have:

• The limit I_±(x) := lim_{ε↘0} I^ε_±(x) exists for all x ∈ R. • The set of x such that I_±(x) = 1 is finite.

=⇒ The domain D_± of [1 - I_±(X)]^{-1} in H is dense.

5-f/13

3 A formula for the wave operators

The expression of the wave operators Ω_± involves singular integrals.

For x ∈ R and ε > 0, we set

I^ε_±(x) := � R dy |u(y)|^2 x - y ± iε .

Under the assumption on u, we have:

• The limit I_±(x) := lim_{ε↘0} I^ε_±(x) exists for all x ∈ R. • The set of x such that I_±(x) = 1 is finite.

=⇒ The domain D_± of [1 - I_±(X)]^{-1} in H is dense.

6/13

Grubb/Pearson have proved on D_+ that

Ω_- = 1 - 2πi u(X) χ_{(-∞,0)}(D) u(X) [1 - I_+(X)]^{-1}, S(X) - 1 = -2πi |u(X)|^2 [1 - I_+(X)]^{-1}, where D := -i∂_x and χ_{(-∞,0)} is the characteristic function for (-∞, 0).

So, if we set

K := -2πi [ u(X), χ_{(-∞,0)}(D) ] u(X) [1 - I_+(X)]^{-1}, we obtain Ω_- - 1 = χ_{(-∞,0)}(D) {S(X) - 1} + K.

(This is the starting point of our study)

6-a/13

Grubb/Pearson have proved on D_+ that

Ω_- = 1 - 2πi u(X) χ_{(-∞,0)}(D) u(X) [1 - I_+(X)]^{-1}, S(X) - 1 = -2πi |u(X)|^2 [1 - I_+(X)]^{-1}, where D := -i∂_x and χ_{(-∞,0)} is the characteristic function for (-∞, 0).

So, if we set

K := -2πi [ u(X), χ_{(-∞,0)}(D) ] u(X) [1 - I_+(X)]^{-1}, we obtain Ω_- - 1 = χ_{(-∞,0)}(D) {S(X) - 1} + K.

(This is the starting point of our study)

6-b/13

Grubb/Pearson have proved on D_+ that

Ω_- = 1 - 2πi u(X) χ_{(-∞,0)}(D) u(X) [1 - I_+(X)]^{-1}, S(X) - 1 = -2πi |u(X)|^2 [1 - I_+(X)]^{-1}, where D := -i∂_x and χ_{(-∞,0)} is the characteristic function for (-∞, 0).

So, if we set

K := -2πi [ u(X), χ_{(-∞,0)}(D) ] u(X) [1 - I_+(X)]^{-1}, we obtain Ω_- - 1 = χ_{(-∞,0)}(D) {S(X) - 1} + K.

(This is the starting point of our study)

7/13

Let U : H → L^2(R_+; C^2) be the unitary operator given by

(U f) := √ 2 f^e f_o

≡ 1√ 2 f( · ) + f(- · ) f( · ) - f(- · ) .

(U maps H onto the even/odd representation of H)

If m is a function on R and A the generator of dilations in H, then

U m(X)U^∗ =

(_{me(X+) mo(X+)}

m_o(X_+) m_e(X_+) ) and U AU^∗ =

(_{A+ 0}

0 A_+ ) , where X_+ is the operator of multiplication by the variable in L^2(R_+), and A_+ the generator of dilations in L^2(R_+).

7-a/13

Let U : H → L^2(R_+; C^2) be the unitary operator given by

(U f) := √ 2 f^e f_o

≡ 1√ 2 f( · ) + f(- · ) f( · ) - f(- · ) .

(U maps H onto the even/odd representation of H)

If m is a function on R and A the generator of dilations in H, then

U m(X)U^∗ =

(_{me(X+) mo(X+)}

m_o(X_+) m_e(X_+) ) and U AU^∗ =

(_{A+ 0}

0 A_+ ) , where X_+ is the operator of multiplication by the variable in L^2(R_+), and A_+ the generator of dilations in L^2(R_+).

7-b/13

Let U : H → L^2(R_+; C^2) be the unitary operator given by

(U f) := √ 2 f^e f_o

≡ 1√ 2 f( · ) + f(- · ) f( · ) - f(- · ) .

(U maps H onto the even/odd representation of H)

If m is a function on R and A the generator of dilations in H, then

U m(X)U^∗ =

(_{me(X+) mo(X+)}

m_o(X_+) m_e(X_+) ) and U AU^∗ =

(_{A+ 0}

0 A_+ ) , where X_+ is the operator of multiplication by the variable in L^2(R_+), and A_+ the generator of dilations in L^2(R_+).

8/13

Our new formula for Ω_- is the following.

Theorem 3.1. Let u satisfy Assumption 2.1. Then, one has U Ω_-U^∗ = (_{1 0} 0 1 ) -^1_2

(_{-1 tanh(πA+)- icosh(πA} +) tanh(πA_+)+^i_{cosh(πA+)} -1

) (_S

e(X_+)-1 S_o(X_+) S_o(X_+) S_e(X_+)-1 ) + K, where K is a compact operator in H .

Idea of the proof. The general expression follows from the fomula Ω_- - 1 = χ_{(-∞,0)}(D) {S(X) - 1} + K.

and the computation of U χ_{(-∞,0)}(D)U^∗ using Hilbert transform. The fact that K is compact follows from the assumption on u and some results on singular integrals.

8-a/13

Our new formula for Ω_- is the following.

Theorem 3.1. Let u satisfy Assumption 2.1. Then, one has U Ω_-U^∗ = (_{1 0} 0 1 ) -^1_2

(_{-1 tanh(πA+)- icosh(πA} +) tanh(πA_+)+^i_{cosh(πA+)} -1

) (_S

e(X_+)-1 S_o(X_+) S_o(X_+) S_e(X_+)-1 ) + K, where K is a compact operator in H .

Idea of the proof. The general expression follows from the fomula Ω_- - 1 = χ_{(-∞,0)}(D) {S(X) - 1} + K.

and the computation of U χ_{(-∞,0)}(D)U^∗ using Hilbert transform. The fact that K is compact follows from the assumption on u and some results on singular integrals.

8-b/13

Our new formula for Ω_- is the following.

Theorem 3.1. Let u satisfy Assumption 2.1. Then, one has U Ω_-U^∗ = (_{1 0} 0 1 ) -^1_2

(_{-1 tanh(πA+)- icosh(πA} +) tanh(πA_+)+^i_{cosh(πA+)} -1

) (_S

e(X_+)-1 S_o(X_+) S_o(X_+) S_e(X_+)-1 ) + K, where K is a compact operator in H .

Idea of the proof. The general expression follows from the fomula Ω_- - 1 = χ_{(-∞,0)}(D) {S(X) - 1} + K.

and the computation of U χ_{(-∞,0)}(D)U^∗ using Hilbert transform. The fact that K is compact follows from the assumption on u and some results on singular integrals.

9/13

4 Topological version of Levinson^′s theorem

Corollary 4.1. Let u satisfy Assumption 2.1. Then the following equality holds

ω(S) = - number of eigenvalues of H_u ,

where ω(S) is the winding number of the continuous map S : R → T.

9-a/13

4 Topological version of Levinson^′s theorem

Corollary 4.1. Let u satisfy Assumption 2.1. Then the following equality holds

ω(S) = - number of eigenvalues of H_u ,

where ω(S) is the winding number of the continuous map S : R → T.

10/13

5 Sketch of the proof

1. In H , Ω_- is an element of the type φ(A_+)ψ(X_+) + K, with

φ ∈ C ( R; M_2(C) ) , ψ ∈ C ( R_+; M_2(C) ) , and K compact.

2. Ω_- is also a Fredholm operator with

index(Ω_-) = - number of eigenvalues of H_u .

3. Georgescu/Iftimovici have proved that the image q(Ω_-) of Ω_-

in the Calkin algebra B(H )/K(H ) is isomorphic to a

(invertible)matrix-valued function in C ( S; M_2(C) ) .

10-a/13

5 Sketch of the proof

1. In H , Ω_- is an element of the type φ(A_+)ψ(X_+) + K, with

φ ∈ C ( R; M_2(C) ) , ψ ∈ C ( R_+; M_2(C) ) , and K compact.

2. Ω_- is also a Fredholm operator with

index(Ω_-) = - number of eigenvalues of H_u .

3. Georgescu/Iftimovici have proved that the image q(Ω_-) of Ω_-

in the Calkin algebra B(H )/K(H ) is isomorphic to a

(invertible)matrix-valued function in C ( S; M_2(C) ) .

10-b/13

5 Sketch of the proof

1. In H , Ω_- is an element of the type φ(A_+)ψ(X_+) + K, with

φ ∈ C ( R; M_2(C) ) , ψ ∈ C ( R_+; M_2(C) ) , and K compact.

2. Ω_- is also a Fredholm operator with

index(Ω_-) = - number of eigenvalues of H_u .

3. Georgescu/Iftimovici have proved that the image q(Ω_-) of Ω_-

in the Calkin algebra B(H )/K(H ) is isomorphic to a

(invertible)matrix-valued function in C ( S; M_2(C) ) .

10-c/13

5 Sketch of the proof

1. In H , Ω_- is an element of the type φ(A_+)ψ(X_+) + K, with

φ ∈ C ( R; M_2(C) ) , ψ ∈ C ( R_+; M_2(C) ) , and K compact.

2. Ω_- is also a Fredholm operator with

index(Ω_-) = - number of eigenvalues of H_u .

3. Georgescu/Iftimovici have proved that the image q(Ω_-) of Ω_-

in the Calkin algebra B(H )/K(H ) is isomorphic to a

(invertible)matrix-valued function in C ( S; M_2(C) ) .

11/13

4. Viewing q(Ω_-) as an element of C ( S; M_2(C) ) , we can take

pointwise its determinant to obtain a non-vanishing function

over the circle. The winding number of that function satisfies

ω(S) = ω ( q(Ω_-) ) = index(Ω_-) = - number of eigenvalues of H_u. ( The relation ω ( q(Ω_-) ) = index(Ω_-) has been proved by

Kellendonk/Richard using K-theory. )

11-a/13

4. Viewing q(Ω_-) as an element of C ( S; M_2(C) ) , we can take

pointwise its determinant to obtain a non-vanishing function

over the circle. The winding number of that function satisfies

ω(S) = ω ( q(Ω_-) ) = index(Ω_-) = - number of eigenvalues of H_u. ( The relation ω ( q(Ω_-) ) = index(Ω_-) has been proved by

Kellendonk/Richard using K-theory. )

12/13

6 An example

Davies has considered the perturbed Hamiltonian

H_{uλ} := H_0 + ⟨u_λ, · ⟩ u_λ,

where u_λ(x) := λ(x - 1) x^2 + 1

, λ > 0.

The function u_λ satisfies Assumption 2.1, and H_{uλ} posseses an eigenvalue only if λ = √ 2/π.

(Two simulations: one for λ < √ 2/π, and one for λ = √ 2/π.)

12-a/13

6 An example

Davies has considered the perturbed Hamiltonian

H_{uλ} := H_0 + ⟨u_λ, · ⟩ u_λ,

where u_λ(x) := λ(x - 1) x^2 + 1

, λ > 0.

The function u_λ satisfies Assumption 2.1, and H_{uλ} posseses an eigenvalue only if λ = √ 2/π.

(Two simulations: one for λ < √ 2/π, and one for λ = √ 2/π.)

12-b/13

6 An example

Davies has considered the perturbed Hamiltonian

H_{uλ} := H_0 + ⟨u_λ, · ⟩ u_λ,

where u_λ(x) := λ(x - 1) x^2 + 1

, λ > 0.

The function u_λ satisfies Assumption 2.1, and H_{uλ} posseses an eigenvalue only if λ = √ 2/π.

(Two simulations: one for λ < √ 2/π, and one for λ = √ 2/π.)

12-c/13

6 An example

Davies has considered the perturbed Hamiltonian

H_{uλ} := H_0 + ⟨u_λ, · ⟩ u_λ,

where u_λ(x) := λ(x - 1) x^2 + 1

, λ > 0.

The function u_λ satisfies Assumption 2.1, and H_{uλ} posseses an eigenvalue only if λ = √ 2/π.

(Two simulations: one for λ < √ 2/π, and one for λ = √ 2/π.)

13/13

7 Some references

• P. Alsholm. Inverse scattering theory for perturbations of rank one. Duke Math. J., 1980.

• V. Georgescu, A. Iftimovici. C^∗-algebras of quantum Hamiltonians. Operator Algebras and Mathematical Physics, 2003. • M.A. Grubb, D.B. Pearson. Derivation of the wave and scattering operators for an interaction of rank one. J. Mathematical Phys., 1970.

• J. Kellendonk, S. Richard. On the structure of the wave operators in one dimensional potential scattering. Mathematical Physics Electronic Journal, 2008.