Two-Hilbert spaces Mourre theory for the
Laplace-Beltrami operator on manifolds with
asymptotically cylindrical ends

Rafael Tiedra de Aldecoa

Pontifical Catholic University of Chile

Matsumoto, February 2017

Joint work with Serge Richard (Nagoya University)

/23



Table of Contents

@ Mourre theory in one Hilbert space
© Mourre theory in a two-Hilbert spaces setting
© Manifolds with asymptotically cylindrical ends

@ References

/23



Mourre theory in one Hilbert space

Mourre theory in one Hilbert space

‘H, Hilbert space with norm || - || and scalar product (-, -)

PB(H), set of bounded linear operators on H

JH (H), set of compact operators on H

A, H, self-adjoint operators in H with domains D(A), D(H), spectral
measures EA(-), EF(-) and spectra o(A), o(H)
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Mourre theory in one Hilbert space

Definition
S € B(M) satisfies S € CK(A) if the map

R >t e M Se™ ¢ B(H)

is strongly of class Ck.

S € CY(A) if and only if
|(0, SAp) — (Ap, Sp)| < Const. ll>  for all ¢ € D(A).

The bounded operator associated to the continuous extension of the
quadratic form is denoted by [S, A], and

[iS,A] =s- d

" e M Se ¢ B(H).

t=0




Mourre theory in one Hilbert space

Definition

A self-adjoint operator H is of class CX(A) if (H — z)~! € CK(A) for some
ze C\ o(H).

If H is of class C1(A), then
[A,(H=2)7"] = (H—2)7'[H,Al(H - 2) 7",

with [H, A] the operator from D(H) to D(H)* corresponding to the
continuous extension to D(H) of the quadratic form

D(H)ND(A) 3> ¢ — (Hp,Ap) — (Ap, Hp) € C.



Mourre theory in one Hilbert space Mourre’s theorem

Mourre's theorem

Theorem (Mourre 81)

Let H be of class C(A). Assume there exist an open set | C R, a number
a> 0 and K € J(H) such that

E"(N[iH,AlEF (1) > aEM (1) + K. (%)

Then, H has at most finitely many eigenvalues in | (multiplicities
counted), and H has no singular continuous spectrum in I.

e The inequality (%) is called a Mourre estimate for H on /.
e The operator A is called a conjugate operator for H on /.

e If K=0, then H is purely absolutely continuous in I No(H).
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Mourre theory in one Hilbert space First example in one Hilbert space

First example in one Hilbert space

Let Q and P be the position and momentum operators in H := L2(R)

(Qe)(x) == xp(x),  (Pp)(x) = —i(dxp)(x), ¢ € F(R), xR

Let H be the Laplacian
H:=P?>=-02, D(H)=H(R).
Let A:= %(PQ + QP) be the generator of the dilations group
(U(t)g)(x) == e p(etx), @€ L(R), x,t €R.

(A is essentially self-adjoint on . (R))
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Mourre theory in one Hilbert space First example in one Hilbert space

On Z(R):

[H, A] = 1[PQ, PQ + QP] = E{P[Pz, Ql+[P?%, Q] P} = —2iH.
2 2L L 2T Y
—2iP  —2iP
Thus,

[(H+ i) N A = —(H+ i) H A (H+i) !
=2i(H+i) " H(H+i)™"
€ B(H)

and
[[(H+ i)"Y AL, A] € B(H).

(first assumption of Mourre satisfied)
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Mourre theory in one Hilbert space First example in one Hilbert space

Let b > a> 0. Then,
E"((a, b)) [iH, A]E ((a, b)) = 2E"((a, b)) HE" ((a, b))
=2£((@) [ M) EA(@Y)
)

>2EH(ab)aEH( b))
=2aE"((a, b)).

(second assumption of E. Mourre satisfied with K = 0 for each interval
(a,0) C (0,00))

~> H is purely absolutely continuous on (0, 00).

23



Mourre theory in one Hilbert space Second example in one Hilbert space

Second example in one Hilbert space

Ay, Laplace-Beltrami operator on a compact, orientable, connected,
Riemannian manifold (Z, h) of dimension n > 1 without boundary, with
metric h and volume element ds.

As has discrete spectrum
O=m<n<nmn<...
So,

Az = anj’

Jj=0

with P; the 1D-orthogonal projection associated to 7;.
(Hodge Theorem for functions)
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(SR TAAT TN S | T A EIM  Second example in one Hilbert space

Let
Ho = Apyy ~ P2®@1+1® Ay

be the Laplace-Beltrami operator in Ho := L?(R,dx) ® L?(Z, ds).

RxX

Hy is essentially self-adjoint on .(R) ® C*°(X), and
1
Ao = E(PQ +QP)®1

is essentially self-adjoint on . (R) ® L?(X, ds).
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On .#(R) ® C(%):

[Ho, Ao = [PP®1+1® Ay, %(PQ + QP) ® 1]

= [P 5(PQ + QP)] &1

= 2iP°® 1.
Thus,

[(Ho + i)™, Ao] = —(Ho + i) [Ho, Ao] (Ho + i)™
=2i(Ho +i) ' (PP®1)(Ho +i)*
€ #(Ho)

and

[[(Ho + i)™, Ao], Ao] € Z(Ho).
(first assumption of Mourre satisfied)
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Mourre theory in one Hilbert space Second example in one Hilbert space

Let 7j, < a < b < Tjy41 for some jo € N. Then,

E*0((a, b)) [iHo, Ao) EMo((a, b))
= E™((a, b)) (2P* ® 1)E™ ((a, b))
= 2E™((a, b)) Ho E™ ((a, b))
—2EM ((a,b)) (1 ® Ax)E™((a, b))
=2E™((a, b)) Ho E™((a, b))

”

>aEHo ((a,b))

-2 7E™((a,b)) (L@ P;) E™((a, b))

j>0

~~

<70 E0 ((a,b))
> 2(a—7;,)E™((a, b))
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(SR TAAT TN S | T A EIM  Second example in one Hilbert space

(second assumption of Mourre satisfied with K = 0 for each interval
(a,b) C (7, 7j+1))

~>  Hy is purely absolutely continuous on [0, 00) \ {7;};>0.
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Mourre theory in a two-Hilbert spaces setting

Mourre theory in a two-Hilbert spaces setting

e H, self-adjoint operator with domain D(H), spectral measure E"(-),
and spectrum o(H) in a first Hilbert space H

e Ao, Hp, self-adjoint operators in a second Hilbert space Hg

o J € B(Ho,H), identification operator
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Mourre theory in a two-Hilbert spaces setting

Theorem (Richard-T.2013)
Assume that
(i) Ho is of class C1(Ag) in Ho,
(ii) there is 2 C D(AoJ*) C H such that JAgJ* is essentially self-adjoint
on 9, with self-adjoint extension denoted by A,

(iii) compacity conditions between H, Hy, Ap and J.

Then, if Hy satisfies a Mourre estimate with respect to Ag on | C R, H
also satisfies a Mourre estimate with respect to A on | C R.

Thus, H has at most finitely many eigenvalues in | (multiplicities
counted), and H has no singular continuous spectrum in | if Hy and Ag
satisfy the two assumptions of Mourre on /.
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Manifolds with asymptotically cylindrical ends

Manifolds with asymptotically cylindrical ends

(M, g) complete Riemannian manifold of dimension n+ 1 > 2 without
boundary, with metric g and volume element dv.

M = M. U M, with M, relatively compact and M, open in M with a
diffeomorphism

t: My — (0,00) X .
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Manifolds with asymptotically cylindrical ends

e H:= Ay, Laplace-Beltrami operator in H := L?(M, dv), essentially
self-adjoint on C°(M) [Gaffney 51/Cordes 72].

e Ho=P2®1+1® Ay in Ho = L3(R,dx) ® L?(X,ds) as before.

e j€ C>®(R;[0,1]) satisfies j(x) := {é ::iii and

*(1
J:Ho = H, ©+ Xoo L(fh)b*((ml)so),

with Xoo the characteristic function for My, g := /det(gjc) and

h =/ det(hjk).

~ 1 Jelli = |lelln, for ¢ € Ho with supp(yp) C (2,00) x X.
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Manifolds with asymptotically cylindrical ends

Assumption (Short-range decay of the metric)

There exists £ > 0 such that for each o € N1 and each
Jyke{l,...,n+1}:

[0%((™1) gk = (L@ h)je) (x, w)| < ca (%) 7 7°

for some constant ¢, > 0 and for all x > 0 and w € X.

(On My, the pullback of g converges to the product metric 1 & h on
(0,00) x X with rate (x)717¢))

~ compacity conditions between H, Hy, Ap and J. ..
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Manifolds with asymptotically cylindrical ends

We take A := JApJ* as in the Theorem, but how can we show that A is
essentially self-adjoint on 7 := C°*(M) ?

A is the generator of the strongly continuous unitary group
Ut = S PFp, teR, v e CX(M),

where for p € M

d
a Ft(p) = XFt(p)a
* (2 - -1 9
X = Xoo " (J° idr ®1) (4 71)x <6x> ;

Jr(p) = (detdvFT)(p) with  Ffdv= (detd\,FT) dv.

Since Uy Z C & for all t € R, Nelson's Lemma implies that A is essentially
self-adjoint on Z.
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Manifolds with asymptotically cylindrical ends

Summing up:
(i) Ho is of class C1(Ag) in Ho,
(i) A= JAgJ* is essentially self-adjoint on Z = C°(M),
(iii) we have the compacity conditions between H, Hyp, Ag and J.

Thus, H has no singular continuous spectrum in R\ {7;};>0 and the point
spectrum of H in R\ {7j};>0 is composed of eigenvalues of finite
multiplicity and with no accumulation point.
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Manifolds with asymptotically cylindrical ends

Thank you !
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