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1 General setup

e 7, Hilbert space with norm || - || and scalar product (-, -)
o %(H), bounded linear operators on H

e H, self-adjoint operator in H with spectrum o(H)

e C.:={zeC|xIm(z) >0}

Basic motivation: For z € C., determine the behaviour of the
resolvent R(z) := (H —z) Y as z = zy € o(H).

(useful for spectral theory, scattering theory, propagation
estimates, .. .)
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fv=v*c B(H)and u=uv*=u"'tc B(H) are such that
H=Hy+vuv,
then the resolvent equation reads

uvR(z)vu=u— (u— v:’:\’o(z)v)_1 with  Ro(z) := (Hy — z)~ .

\ . 4

= A(z)7! later

Example. If H — Hy =V with V € L°(RY; R), then
v(x) = |V(x)|Y? and

+1 ifV(x)>0
—1 if V(x) <0.

u(x) =
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2 Asymptotic expansion

Proposition. Let O C C with 0 as accumulation point, let
A(z) = Ao + zA1(z2) with Ag € B(H) and ||A1(z)|| < Const. for all
ze€ O, and let S = 52 € B(H) be such that

(i) Aq + S is boundedly invertible and (i) S(Ag + S)"1S =6S.

Then, for |z| small enough the operator B(z) : SH — SH
1

B(z) := .

(s — S(A(z2) + s)‘ls) = S(A+S) 1Y (—2) {AL(2)(Ac+S) TS
20
is uniformly bounded as z — 0. Also, A(z) is boundedly invertible in

H if and only if B(z) is boundedly invertible in SH, in which case

Az) ' = (A2)+S) 1+ é(A(z) +5)7'SB(2) IS (A(2) + S)
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e [ he original version of this proposition is due to
[Jensen-Nenciu 2001 /2004] (see also [Erdogan-Schlag 2004]).

e |n the previous works, one either has that Ag = Aj or that S is a

Riesz projection (a projection S = 52 given in terms of a contour
integral of the resolvent of a closed operator).



Riesz projection

There are two natural choices for S, a Riesz projection S = S, or an
orthogonal projection S = S,. We start with the Riesz projection.

Assumption A. 0 /s an isolated point in o(Ag)

Let S, be the Riesz projection associated with 0 € 0(Ap). Then,

AoS, = S, Ay = S ALS, and Ao + S, is boundedly invertible.

Thus, the hypothesis (i) of the proposition is verified.
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A sufficient condition for the hypothesis (ii) of the proposition is
A0S, = 0 (which is true for example if Ag = Aj), because

Sr(AO —+ Sr)_lsr — (AO + Sr)Sr(AO —+ Sr)_lsr
= S.(Ao+ S/)(Ag+ S,)71S,
= 5,

(in general AgS, is only quasi-nilpotent; that is, 0(AgS,) = {0})
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Assumption B. Im(Ag) > 0
Assumption C. S5, AqS, is a trass-class operator

Lemma. /f Assumptions A,B,C are verified, then AyS, = 0.

Proof. The operator J := 5,A0S, in S, H satisfies
Im (S,, JSrp) =Im (S,9, S, A0S Srp) = Im (S, AgSrp) > 0.
Since J is quasi-nilpotent and trace-class, it follows

0=Tr(J)=Tr(Re(J)) +iTr(Im(J)) = Im(J)=0

>0

— J=J

— J=0.

Thus, the hypothesis (ii) of the proposition is verified.
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Orthogonal projection

Assumption B. Im(Ag) >0

Let S, be the orthogonal projection on
ker(Ao) = ker (Re(Ao)) Nker (Im(Ag)) = ker(Ag).

Then, AgS, = 0, and thus the hypotheses (i) and (ii) of the
proposition are verified if Ag + S, is boundedly invertible.
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Two cases in which Ag + S, Is boundedly invertible:

Lemma. /f Assumptions A,B,C are verified, then Ag + S, Is
boundedly invertible if and only if S, = S5 = S,.

Lemma. /f Assumption B is verified and if Aq Is a finite-rank

operator or Ao = U + K with U unitary and K compact, then
Ao + S, Is boundedly invertible.
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3 Application to quantum waveguides

> X R

e Y bounded open connected set in RY~1, d > 2,
o .= xR
o H:=1%2(Q) ~*(Y) ® L°(R)
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Free Hamiltonian and perturbed Hamiltonian
Ho = -A5®1+1®(-A%)  and H:=Ho+V

with —A% the Dirichlet Laplacian on ¥ and V' € L*°(Q; R) of

compact support.

The Dirichlet Laplacian —A% has purely discrete spectrum

T = {>\n}n21

consisting In eigenvalues A1 < X\, < .- repeated according to
multiplicity (these are the embedded thresholds). P, is the
orthogonal projection associated with A,.
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Known facts (see for instance [T.2006]):
e 0(H) = 0ess(H) = dac(H) = [A1, 00)

e 0,(H) can accumulate at points of T only

e the wave operators Wi 1= s-lims_ 1o €'t e=/tM0 exist and are

complete

e the scattering operator S := WZW_ is unitary



S Is decomposable in the spectral representation of Hy as follows.
For A > X\, set

NA) :=={n>1|Xx, <A}
and

1) = P {P.P(E)aP.2(D)}.

neN(A)
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There is a unitary operator % : H — f[i,oo) H(A) dA such that

D D

AdA  and 5zy59%ﬂ:t/q SO\ d,

ngfmsz§::j/ -
1,00

[A1,00)
with S(X) unitary in H(A) for a.e. A > Aq, and with
A1, 00) \ {TU0p(H)} = S(A) € B(H(N))

of class C*°.

(it remains to determine the behavior of S(\) as
A= X €ETUOo(H)...)
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For a.e. A\ > >\1, let S()\) — {Snn’(k)}n,n’eN(A) with

Sow(N) 1 Pul?(Z) = PL2(X).

The behaviour of S,,(X) as A = Ag € T is the following:

Theorem ([Richard, T.2014]). Let A\,, € T and n,n" > 1. Then,

(a) if Ao, Ay < A, the map A — S, () is continuous in a
neighbourhood of A\,

(b) if Xp, A < A, the limit limgo Spw(Am + €) exists.
e One cannot ask for more continuity in (b), since a channel could
open at the energy \,,.

e The case A = Ay € 0,(H) Is easier to treat.
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Idea of the proof. Use a stationary representation
SN = 1y — 21 Fo(A) v(u+ vRo(A + /O)v)_lvﬁ’o(k)*

with Zo(M\)e = (Fow)(N), and then apply iteratively Proposition 2
to get an asymptotic expansion for (u + vRo(Am + €) v)_1 for
suitable small € € C.

An asymptotic expansion for .Zy(A, + €) is also necessary. L]
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e |n the proof, the iterations stop because
UVRAm +€)vu=u— (u+ vRo(Am + es)v)_1
and for suitable € (such as ¢ = +/d, § > 0)

leROm+€)|| <1 = limsup|le (u+ vRo(Am—l—e)v)_lH < 0.
e—0

e Another consequence of the asymptotic expansion for
(u + vRo(Am + €) v)_1 Is the absence of accumulation of

eigenvalues of H at the points of 7.
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Gracias !
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