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1 Unitary operators

A unitary operator U in a Hilbert spa
e H is a surje
tive isometry:

U

�

U = UU

�

= 1:

It admits exa
tly one 
omplex spe
tral family

E

U

: C !

�

orthogonal proje
tions on H

	

with support

�(U) � S

1

�

�

z 2 C j jzj = 1

	

su
h that

U =

Z

C

z dE

U

(z):
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The spe
trum �(U) of U de
omposes as

�(U) = �

p

(U) [ �

s


(U) [ �

a


(U);

with

�

p

(U) := pure point spe
trum of U;

�

s


(U) := singular 
ontinuous spe
trum of U;

�

a


(U) := absolutely 
ontinuous spe
trum of U:

The sets �

p

(U), �

s


(U), �

a


(U) are 
losed and (in general) not

mutually disjoint.
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Example (1-parameter groups of unitary operators). If H is a

self-adjoint operator in a Hilbert spa
e H, then

U

t

:=

e

�itH

; t 2 R ;

de�nes a strongly 
ontinuous 1-parameter group of unitary

operators.

Example (Koopman operator). If T : X ! X is an

automorphism of a probability spa
e (X;�), then the Koopman

operator

U

T

: L2(X;�)! L2(X;�); ' 7! ' Æ T;

is a unitary operator.
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Ergodi
ity, weak mixing and strong mixing of an automorphism

T : X ! X are expressible in terms of spe
tral properties of the

Koopman operator U

T

:

� T is ergodi
 if and only if 1 is a simple eigenvalue of U

T

.

� T is weakly mixing if and only if U

T

has purely 
ontinuous spe
trum

in fC � 1g

?

.

� T is strongly mixing if and only if

lim

n!1




';U

n

T

'

�

= 0 for all ' 2 fC � 1g

?

:

a.
. spe
trum in fC � 1g

?

) strong mixing ) weak mixing ) ergodi
ity
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2 Commutator methods

� H, Hilbert spa
e with norm k � k and s
alar produ
t h � ; � i

� B(H), bounded linear operators on H

� K (H), 
ompa
t operators on H

� U , unitary operator in H

� A, self-adjoint operator in H with domain D(A) � H
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Definition. S 2 B(H) satis�es S 2 C

k

(A) if

R 3 t 7!

e

�itA

S

e

itA

2 B(H)

is strongly of 
lass C

k

.

S 2 C

1

(A) if and only if

�
�




'; SA'

�

�




A'; S'

�

�
�

� Const:k'k

2

for all ' 2 D(A):

The operator 
orresponding to the 
ontinuous extension of the

quadrati
 form is denoted by [S;A℄, and one has

[iS; A℄ = s-

d

dt

e

�itA

S

e

itA

�
�
�
�

t=0

2 B(H):
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Example. Let P be the generator of translations in H := L2(R ),

let f 2 L1(R ) be an a.
. fun
tion with f

0

2 L1(R ), and let

M

f

' := f '; ' 2 H;

the 
orresponding bounded multipli
ation operator.

One has for ea
h ' 2 H

d

dt

e

�itP

M

f

e

itP

' =

d

dt

M

f( � �t)

' = �M

f

0

( � �t)

';

and thus M

f

2 C

1

(P ) with [iM

f

; P ℄ = �M

f

0

.
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Definition. S 2 C1+0

(A) if S 2 C

1

(A) and

Z

1

0

dt

t






e

�itA

[A;S℄

e

itA

�[A;S℄






B(H)

<1:

We have the in
lusions

C

2

(A) � C

1+0

(A) � C

1

(A) � C

0

(H) � B(H):
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Example (Continued). Let f 2 L1(R ) be an a.
. fun
tion with

f

0

2 L1(R ) Dini-
ontinuous.

We know that M

f

2 C

1

(P ) with [iM

f

; P ℄ = �M

f

0

. So,

Z

1

0

dt

t






e

�itP

[M

f

; P ℄

e

itP

�[M

f

; P ℄






B(H)

=

Z

1

0

dt

t






M

f

0

( � �t)�f

0






B(H)

=

Z

1

0

dt

t






f

0

( � � t)� f

0






L1(R)

<1

due to the Dini-
ontinuity of f

0

, and thus M

f

2 C

1+0

(P ).
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Theorem ([Fern�andez/Ri
hard/T. 2013℄). Let U 2 C

1+0

(A).

Assume there exist an open set � � S

1

, a number a > 0 and

K 2 K (H) su
h that

E

U

(�)U

�

[A;U ℄E

U

(�) � aE

U

(�) +K: (F)

Then, U has at most �nitely many eigenvalues in �

(multipli
ities 
ounted), and U has no singular 
ontinuous

spe
trum in �.

� The inequality (F) is 
alled a Mourre estimate for U on �.

� The operator A is 
alled a 
onjugate operator for U on �.

� If K = 0, then U is purely absolutely 
ontinuous in � \ �(U).
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3 Skew products of compact Lie groups
� X;G, 
ompa
t Lie groups with Haar measures �

X

and �

G

� F

1

: X ! X, time-one map of a C

1

measure-preserving 
ow

fF

t

g

t2R

on (X;�

X

)

� � 2 C(X;G), 
ontinuous fun
tion

� indu
es a 
o
y
le X � Z 3 (x; n) 7! �

(n)

(x) 2 G over F

1

given by

�

(n)

(x) :=

8
>
>
>
<

>
>
>
:

�(x)(� Æ F

1

)(x) � � � (� Æ F

n�1

)(x) if n � 1

e

G

if n = 0

�

�

(�n)

Æ F

n

�

(x)

�1

if n � �1:
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The skew produ
t

T

�

: X �G! X �G; (x; g) 7!

�

F

1

(x); g �(x)

�

;

is an automorphism of the measure spa
e (X �G;�

X


 �

G

).

We study the 
ontinuous spe
trum of the 
orresponding Koopman

operator

U

�

 :=  Æ T

�

;  2 H := L2(X �G;�

X


 �

G

);

in the spirit of [Anzai 1951℄, [Iwanik/Lema�nzyk/Rudolph 1993℄,

[Fr

`

a
zek 2000/2004℄, . . .
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The Peter-Weyl theorem indu
es the orthogonal de
omposition

H =

M

�2

b

G

d

�

M

j=1

H

(�)

j

; H

(�)

j

:=

(

d

�

X
k=1

'

k


 �

jk

j '

k

2 L2(X;�
X

)

)

;

where

�

b

G is the set of all equivalen
e 
lasses of �nite-dimensional

irredu
ible unitary representations (IUR) of G,

� �

jk

2 L2(G;�
G

) are the matrix elements of � 2

b

G.
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U

�

is redu
ed by the de
omposition, and U

�;j

:= U

�

�
�

H

(�)

j

is given by

U

�;j

d

�

X
k=1

'

k


 �

jk

=

d

�

X

k;`=1

('

k

Æ F

1

)(�

`k

Æ �)
 �

j`

; '

k

2 L2(X;�
X

):

|I The problem redu
es to the study of the 
ontinuous

spe
trum of the operators U

�;j

.
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4 The conjugate operator

Let fV

t

g

t2R

be the unitary group

V

t

' := ' Æ F

t

; ' 2 L2(X;�
X

);

and H = �iL

Y

its self-adjoint generator (Y is the divergen
e-free

ve
tor �eld asso
iated to fF

t

g

t2R

and L

Y

its Lie derivative).

The operator

A

d

�

X
k=1

'

k


 �

jk

:=

d

�

X
k=1

a

k

H'

k


 �

jk

; a

k

2 R ; '

k

2 C

1

(X);

is essentially self-adjoint in H

(�)

j

.
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Assumption. For ea
h k; `, the fun
tion �

k`

Æ� 2 C(X; C ) has a

derivative L

Y

(�

k`

Æ �) whi
h is Dini-
ontinuous along the 
ow:

Z

1

0

dt

t




L

Y

(�

k`

Æ �) Æ F

t

�L

Y

(�

k`

Æ �)






L1(X)

<1;

and (a

k

� a

`

)(�

`k

Æ �) � 0.

Then, one has U

�;j

2 C

1+0

(A) with [A;U

�;j

℄ =MU

�;j

and

M

d

�

X
k=1

'

k


�

jk

:=

d

�

X

k;`=1

M

k`

'

`


�

jk

; M

k`

:= �ia

k

�

L

Y

(�Æ�)�(�

�

Æ�)

	

k`

:

(M is a hermitian matrix-valued multipli
ation operator in H

(�)

j

)
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So, one has

(U

�;j

)

�

[A;U

�;j

℄ = (U

�;j

)

�

MU

�;j

;

and one gets a global Mourre estimate

(U

�;j

)

�

[A;U

�;j

℄ � �

�

if M � �

�

> 0:

Let's see a re�nement of this idea taking into a

ount

the possible ergodi
ity of F

1

.
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The average of A along the 
ow generated by U

�;j

is a self-adjoint

operator :

A

N

' :=

1

N

N�1

X

n=0

(U

�;j

)

n

A(U

�;j

)

�n

'; N 2 N

�1

; ' 2 D(A

N

) := D(A):

One obtains U

�;j

2 C

1+0

(A

N

) with [A

N

; U

�;j

℄ =M

N

U

�;j

where

M

N

:=

1

N

N�1

X

n=0

�

� Æ �

(n)

�

(M Æ F

n

)

�

�

�

Æ �

(n)

�

:

(M

N

is an average of M ; we will 
ome ba
k to this)
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With the notation

�

�;N

:= inf

k2f1;:::;d

�

g; x2X

�

k

�

M

N

(x)

�

;

one thus obtains :

Theorem ([T. 2013℄). Suppose that the previous assumptions

are satis�ed and assume that �

�;N

> 0 for some N 2 N

�1

.

Then, U

�;j

satis�es the global Mourre estimate

(U

�;j

)

�

[A

N

; U

�;j

℄ � �

�;N

;

and U

�;j

has purely absolutely 
ontinuous spe
trum.
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Remark (Topologi
al degree). One has

M

N

= � � � = D

a

1

N

L

Y

�

(� Æ �)

(N)

�

�

�

(� Æ �)

(N)

�

�

with

D

a

:= �i diag(a
1

; : : : ; a

d

�

):

Thus, if N � 1, M

N

is 
lose to D

a

times the (matri
ial)

topologi
al degree of � Æ � .

So, the 
ondition �

�;N

> 0 means that the topologi
al degree of

� Æ � has nonzero determinant, in whi
h 
ase U

�

has purely

absolutely 
ontinuous spe
trum in the subspa
e asso
iated to �.
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We 
an apply the theorem to various 
ases where the IUR of G are

known.

For instan
e, we 
an treat the 
ases where F

1

is an ergodi


translation on X = T

d

and

� G = T

d

0

,

� G = SU(2),

� G = U(2)

.
.
.
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5 The case T � SU(2)

Take X = T and G = SU(2), let

�

(n)

: SU(n)! U(V
n

) ' U(n+ 1)

be a (n+ 1)-dimensional IUR of SU(n) on the ve
tor spa
e V

n

of

homogeneous polinomials of degree n in two variables, and set

F

t

(x) := x+ ty (mod Z); t 2 R ; x 2 T ; y 2 R n Q :

Suppose that

�(x) := h

�

e

2�i(bx+�(x))

0

0

e

�2�i(bx+�(x))

�

h

�

; x 2 T ;

with h 2 SU(2), b 2 Z n f0g and � 2 C

1

(T ; R ) su
h that

Z

1

0

dt

t






�

0

Æ F

t

� �

0






L1(T)

<1:
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Then,

M

jk

= � � � = (something frightening) � Æ

jk

;

but we 
an 
hoose the s
alars a

j

so that we get

M

jk

=

�

1 + (yb)

�1

�

0

�

(2j � n)

2

Æ

jk

:

It follows by unique ergodi
ity of F

1

that

lim

N!1

M

N

=

 

1 + (yb)

�1

lim

N!1

1

N

N�1

X

m=0

�

0

Æ F

m

!

0
�

(2�0�n)

2

0

.

.

.

0 (2�n�n)

2

1
A

=

0
�

(2�0�n)

2

0

.

.

.

0 (2�n�n)

2

1
A

uniformly on T .
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So, M

N

is stri
tly postive if n 2 2N + 1 and N � 1, and thus

�

�;N

> 0 if N � 1:

Therefore, the theorem applies and U

�

(n)

;j

, j 2 f0; : : : ; ng, has

purely absolutely 
ontinuous spe
trum (in fa
t Lebesgue spe
trum).

It follows that the restri
tion of U

�

to the subspa
e

M

n22N+1

n

M

j=0

H

(�

(n)

)

j

� H

has 
ountable Lebesgue spe
trum.
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