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Resolvents and smooth operators

Resolvents and smooth operators

e U, unitary operator in a Hilbert space H with spectral measure
EY(.), singular subspace Hs(U), a.c. subspace Hac(U), projection on
a.c. subspace P,(U), resolvent

R(z):=(1-2zU"™!, zeC\S,
and (Poisson) operator
5(r,0) == (1 - r?)|R(re?)?, re(0,00)\ {1}, 0 € [0,27).
e Up, unitary operator in a Hilbert space Hg with ...

o J e B(Ho,H), identification operator from Hg to H

e V := JUy— UJ, two-Hilbert spaces perturbation
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Resolvents and smooth operators

The resolvent of U can be written as a geometric series
ano(zU*)” if |z] <1
—Z,,Zl(z_lU)” if |z] > 1,

and one has the identity R(Z71)* = —zU*R(z) relating values
inside /outside S!:

R(z) =

)

-1 +1

o
-
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Resolvents and smooth operators

If G is a Hilbert space, then T € B(H,G) is locally U-smooth on a Borel
set © C [0, 27) if there is co > 0 such that

STITUEY©)p|; < collpl3, forall o € H, (A)
nezZ

and T is U-smooth if (A) is satisfied with © = [0, 27). Similarly, T is
weakly locally U-smooth on © if the weak limit

W—\Ii‘0m To(1—¢,0)EY(©)T* exists for a.e. 6 € [0,27), (B)
and T is weakly U-smooth if (B) is satisfied with © = [0, 27).

e T locally U-smooth on © = T weakly locally U-smooth on ©.

e T locally U-smooth on © = EY(O©)T*G* C Hac(U).
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Representation formulas for the wave operators

Representation formulas for the wave operators

Set
g+(e) == %(1 —(1- E)ﬁ), e €(0,1),
and define wy (U, Uy, J, ) € B(Ho, H) by the sesquilinear form

<W:E(U7 UOa-lag)(p07§0>’H
27
= +g41(e) /0 df (JRo((1 — e)Flel o, R((1— e)*Flel )cp>H

for g € Hp and p € H.
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Representation formulas for the wave operators

Lemma

Let 99 C Ho and 9 C H be dense sets, and assume that for each
wo € Yy and p € & the limits

at(po,p,0) = :tali\mpgi(e) <JR0((1 — 5)i1 el )goo, R((l — 5)11 el? )90>H

exist for a.e. 6 € [0,27). Then, the following weak limits exist

W:I:(U7 U07J) = W—\II‘BTI W:I:(Ua U07J7€)P3C(UO)'
&

Idea of the proof.

Apply a generalisation of Lebesgue’'s dominated convergence theorem
(Vitali's theorem) to exchange limit and integral. O
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Representation formulas for the wave operators

The weak limits wy (U, Uy, J) are the stationary wave operators for the
triple (U, Up, J). When they exist, they posses the usual properties of
wave operators

Hs(Uo) C ker we (U, Uy, J) and  Ranwy (U, Uy, J) C Hac(V)
and the intertwinning relation®

we (U, Up, ))EY(©) = EY(©)ws (U, Uy, J), © C [0,27) Borel set.

ISimilar to the self-adjoint case [Yafaev1992].
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Representation formulas for the wave operators

Assume there exist a Hilbert space G and operators Gy € #(Ho,G),
G € B(H,G) such that V = G*Gy.

Theorem (Stationary wave operators)

Assume that for each g in a dense set 9y C Ho

s—{r{’? GoURo((1 — ) €™ ) g exist for a.e. 0 € [0,27),

and suppose that G is weakly U-smooth. Then, the stationary wave
operators wy (U, Uy, J) exist and satisfy the representation formulas

2m
<W:|:(Ua U07J)900790>H = / de a:I:(SOOa 2 0)7 Po € Do, v €H.
0

Idea of the proof.

Use the assumptions on Gy and G to show that ai (o, ¢, ) exist for a.e.
6 € [0,27), and apply the previous lemma. O
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Representation formulas for the wave operators

Theorem (Strong wave operators)

Assume that for each g in a dense set 9y C Ho

s—I\iF GoURo((1 — ) e ) g exist for a.e. 0 € [0,27),
g

and that By (0) := w-lim.\ o GR((1 — £)*1 e ) G* exist for a.e.

0 € [0,27). Then, the strong wave operators

W:I:(U7 Uo,J) = S- I|m UnJUO nPac(Uo)

n—+oo

exist and coincide with the stationary wave operators w (U, Uy, J).
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Representation formulas for the wave operators

Idea of the proof.
The assumptions on Gy and G guarantee the existence of the operators
W4 (U, Uy, J) and wa (U, Uy, J).

To show that they coincide, one has to use power series for the resolvents
in w (U, Up, J) to obtain an infinite series involving powers U"” and U, ",
and then use a Tauberian theorem to prove that this series converges to

selim U"JUy "Pac(Up) = W (U, Up, J).
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Representation formulas for the wave operators

Example (Trace class perturbation)

The assumptions of the theorem are satisfied for the set Yy = Ho when V
is trace class, or equivalently when the operators Gg and G are
Hilbert-Schmidt.
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Representation formulas for the scattering matrix

Representation formulas for the scattering matrix

If the strong wave operators Wy (U, Uy, J) exist, then the scattering
operator is defined as

S(U, Uy, J) := Wi (U, Uy, J)* W_(U, Uy, J).
Basic properties:
e S(U,Up,J) | Hs(Up) =0,
[ ] Ran S(U, UO,J) C Hac(UO),

o If WL(U, Uy, J) | Hac(Up) are isometric, then S(U, Uy, J) | Hac(Uo)
is unitary if and only if Ran W_(U, Uy, J) = Ran W, (U, Uy, J).
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Representation formulas for the scattering matrix

m— —00 JUg e
n— —oo Ug e
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Representation formulas for the scattering matrix

Let o9 be a core of the spectrum of Uy. Then, there exist for a.e. 6 € oy
Hilbert spaces ho(6) and an operator

@
Fo:Ho— / dfho(0) (spectral transformation),
0o

which is unitary from Hac(Up) to [ d6bo(6), vanishes on Hs(Up), and
diagonalises Uy [ Hac(Up). Namely, if

U(()ac) = Uo | Hac(Uo) and Féac) = Fo | Hac(lb),

then we have the direct integral decomposition

&
FEIYI (F9)* :/ e e’

o0
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Representation formulas for the scattering matrix

Hac(Up) is a reducing subspace for S(U, Up, J) and the restriction
SEI(U, Uo, J) := S(U, Up, J) | Hac(Uo)

commutes with U(()ac). Thus SG)(U, Uy, J) decomposes in faej dé ho(0),
that is, there exist for a.e. § € 5 operators 5(0) € % (ho(f)) such that

. D
FEISE(U, Uy, J) (FED) = / 0 5(0).

a0

The family {S(6)}oes, is called the scattering matrix for the triple
(U, Uo, J).
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Representation formulas for the scattering matrix

Similarly, if the stationary wave operators wy (Up, Uy, J*J) exist, then
Hac(Uo) is a reducing subspace for w (Uy, Ug, J*J), and

W) (Uo, Up, J*J) := wa (Uo, Up, J*J) T Hac(Uo)

—~

commutes with anc). Thus, there exist for a.e. 8 € 5y operators

uy(6) € B(ho(0)) such that

Fgac)wfc)(uo,UO,J*J)(F(E“))*:/ 46 u (6).

Example (One-Hilbert space case)
If Ho = H and J = 1y, then one has

w4 (Uo, Ug, J*J) = wi(Uo, Uo, 134,) = 134,

and ux(0) = 1y ) for a.e. O € 0.
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Representation formulas for the scattering matrix

Theorem (Scattering matrix)

Assume that for each g in a dense set 2y C Ho

s—{rg GoURo((1 — €)™ € ) g exist for a.e. § € [0,27),
g

that By (0) = w-lim.\ o GR((1 — €)*! e/’ ) G* exist for a.e. 6 € [0,27),
and that Gg is weakly Uy-smooth. Then, we have for a.e. 6 € 5y the
representation formulas for the scattering matrix:

S5(0) = uy(0) + 277(20(9, GJUy) Zo(0, Go)* — Zop(0, Go) B+ (0)20(0, Go)*),
5(0) = u_(8) — 27 (Zo(8, Go)Zo(8, GJUp)* — Zo(8, Go)B_(6) Zo(6, Go)*

)

~—

with

Zo(8, To)¢ = (FoTg¢)(0), To€ B(Ho,G), (€G, ae 0 €.
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Representation formulas for the scattering matrix

Idea of the proof.

Apply the results that precede 4+ some integrals calculations.

N
@)

‘E:J-’
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Application to anisotropic quantum walks

Application to anisotropic quantum walks

In the Hilbert space

H = (%(Z,C?) = {w 12— C? D V()2 < oo} :

XEZ

the evolution operator of the quantum walk is U := SC with

0)(x ©
(SW)(x) = (ﬁ(;gxf 3) S w= (&;) €M, xeZ (shift)

(CV)(x) == C(x)V¥(x), VeH, xeZ, C(x)eU(2). (coin)

The operator U is unitary because S and C are unitary.
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Application to anisotropic quantum walks

C is short-range and anisotropic at infinity:

Assumption (Anisotropic coin)
There exist Cy, C, € U(2), k¢, ke > 0, and g, &, > 0 such that

|€(x) - CZH%(@) < kg|x|TFE ifx <0

|C(x) - Cngg(@) < Relx| TP ifx >0,

with indexes £ for “left” and r for “right”.

Quantum walks satisfying this are called quantum walks with an
anisotropic coin.
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Application to anisotropic quantum walks

The assumption provides operators U, := SC, (x = ¢, r) describing the
asymptotic behaviour of U on the left and on the right.

It also suggests to define the free evolution operator as

Ub=UaU in Hy=HDH,

and to define the identification operator J : Ho — H as
J(Wo) = jeVor+ i Vor, Vo= (Vou Vo,) € Ho,

with
1 ifx>0

ir(x) = and jy:=1— .
Jr(x) {o fx< 1 Je J
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Application to anisotropic quantum walks

If the matrices C, are not anti-diagonal, then Uy has purely a.c. spectrum
and the strong wave operators Wy (U, Uy, J) exist and are complete
[Richard-Suzuki-T.2018-2019].

Furthermore, the assumption implies that V is trace class. Thus one can
verify the validity of the representation formulas for the stationary wave
operators and the scattering matrix.
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Application to anisotropic quantum walks

Thank you
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