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1 Motivation

Develop 
ommutator methods for unitary operators up to an

optimality equivalent to the one for self-adjoint operators.
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2 Commutators methods for self-adjoint

operators

� H, Hilbert spa
e with norm k � k and s
alar produ
t h � ; � i

� B(H), set of bounded linear operators on H

� K (H), set of 
ompa
t operators on H

� A;H, self-adjoint operators in H with domains D(A);D(H),

spe
tral measures E

A

( �); E

H

( �) and spe
tra �(A); �(H)
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Definition 1.1. An operator S 2 B(H) satis�es S 2 C

k

(A) if

R 3 t 7!

e

�itA

S

e

itA

2 B(H)

is strongly of 
lass C

k

.

S 2 C

1

(A) if and only if

�
�




A'; S'

�

�




'; SA'

�

�
�

� Const:k'k

2

for all ' 2 D(A):

The operator 
orresponding to the 
ontinuous extension of the

quadrati
 form is denoted by [S;A℄, and one has

[iS; A℄ = s-

d

dt

e

�itA

S

e

itA

�
�
�
�

t=0

2 B(H):
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Example 1.2. Let Q and P be the position and di�erentiation

operators in L

2

(R ); that is,

(Q')(x) := x'(x); (P')(x) := �i'

0

(x); ' 2 S (R ) � L

2

(R );

and take f 2 L

1

(R ) an a.
. fun
tion with f

0

2 L

1

(R ).

Then, f(Q) 2 C

1

(P ) with

�

P; f(Q)

�

= �if

0

(Q):

(
al
ulations are done on the 
ore S (R ) . . . )
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Definition 1.3. S 2 C

1+0

(A) if S 2 C

1

(A) and

Z

1

0

dt

t






e

�itA

[A;S℄

e

itA

�[A;S℄






<1:

If we regard C

1

(A), C

1+0

(A) and C

2

(A) as subspa
es of B(H),

then we have the in
lusions

C

2

(A) � C

1+0

(A) � C

1

(A) � C

0

(A) � B(H):

(in the example, f(Q) 2 C

1+0

(P ) if f

0

is Dini-
ontinuous . . . )
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Definition 1.4. A self-adjoint operator H is of 
lass C

k

(A) if

(H � z)

�1

2 C

k

(A) for some z 2 C n �(H).

If H is of 
lass C

1

(A), then

�

A; (H � z)

�1

�

= (H � z)

�1

[H;A℄(H � z)

�1

;

with [H;A℄ 2 B

�

D(H);D(H)

�

�

the operator 
orresponding to the


ontinuous extension to D(H) of the quadrati
 form

D(H) \ D(A) 3 ' 7!




H';A'

�

�




A';H'

�

2 C :
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Spectral result of É. Mourre

(and W. Amrein, A. Boutet de Monvel,

V. Georgescu, J. Sahbani, . . . )

Theorem 1.5. Let H be of 
lass C

1+0

(A). Assume there exist

an open bounded set I � R , a number a > 0 and K 2 K (H)

su
h that

E

H

(I) [iH;A℄E

H

(I) � aE

H

(I) +K: (F)

Then, H has at most �nitely many eigenvalues in I

(multipli
ities 
ounted), and H has no singular 
ontinuous

spe
trum in I.



10/26

� The inequality (F) is 
alled a Mourre estimate.

� If K = 0, then H is purely absolutely 
ontinuous in I \ �(H).

� There is no spe
tral gap assumption on H.

� The proof relies on di�erential inequalities for the resolvent

(H � z)

�1

of H whi
h lead to boundary estimates for the map

z 7! (H � z)

�1

(other proofs are available in the 
ase C

2

(A),

see [Gol�enia/Je
ko 2007℄, [G�erard 2008℄, . . . ).
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3 Commutators methods for unitary

operators

Let U be a unitary operator in H, then

� similar results were known under the assumption U 2 C

2

(A),

� the proofs relied on
e more on di�erential inequalities for

\resolvents" of U [Astaburuaga et al. 2006℄.

We want the weaker assumption U 2 C

1+0

(A) and a

simpler proof.
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What we obtain at the end of the day:

Theorem 1.6 ([Fern�andez/Ri
hard/T. 2013℄). Let U 2 C

1+0

(A).

Assume there exist an open set � � T, a number a > 0 and

K 2 K (H) su
h that

E

U

(�)U

�

[A;U ℄E

U

(�) � aE

U

(�) +K:

Then, U has at most �nitely many eigenvalues in �

(multipli
ities 
ounted), and U has no singular 
ontinuous

spe
trum in �.
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Sketch of the proof (a)
Why the \
ommutator" U

�

[A;U ℄ is the right expression to


onsider ?

Imagine that U =

e

�iH

with H 2 C

1

(A), then one would have

U

�

[A;U ℄ =

Z

1

0

ds

e

isH

[iH;A℄

e

�isH

:

So, positivity of [iH;A℄ would lead to positivity of U

�

[A;U ℄ and

vi
e versa.

(the idea of using U

�

[A;U ℄ dates ba
k to Putnam in the 60's)
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Sketch of the proof (b)
If U 2 C

1

(A) and

E

U

(�)U

�

[A;U ℄E

U

(�) � aE

U

(�) +K;

then the Virial theorem for unitary operators implies that U has at

most �nitely many eigenvalues in � (multipli
ities 
ounted).

Thus,

� there exists � 2 � whi
h is not an eigenvalue of U and the

range Ran(1� �

�U) of 1�

�

�U is dense in H,

� the Cayley transform of U at the point � ; namely,

H

�

:= �i(1 +

�

�U)(1�

�

�U)

�1

; D(H

�

) := Ran(1� �

�U);

is a self-adjoint operator.
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Cayley transform of R (for � = �i)
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Sketch of the proof (c)
One has

(H

�

� i)

�1

= �

1

2i

(1�

�

�U) in B(H)

and

[iH

�

; A℄ = 2

�

(1�

�

�U)

�1

	

�

U

�

[A;U ℄ (1�

�

�U)

�1

in B

�

D(H

�

);D(H

�

)

�

�

:

Thus,

� U 2 C

1+0

(A) and positivity of U

�

[A;U ℄ in � � T implies H

�

of


lass C

1+0

(A) and positivity of [iH

�

; A℄ in I � R ,

� H

�

of 
lass C

1+0

(A) and positivity of [iH

�

; A℄ in I implies

spe
tral spe
tral properties of H

�

in I,

� spe
tral properties of H

�

in I implies spe
tral properties of U

in �.
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No need to re-do any proof with differential inequalities ; we

just use the Cayley transform and the pre-existing

self-adjoint theory.
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We have the following perturbation result:

Corollary 1.7 ([Fern�andez/Ri
hard/T. 2013℄). Let U; V be

unitary, with U; V 2 C

1+0

(A). Assume there exist an open set

� � T, a number a > 0 and K 2 K (H) su
h that

E

U

(�)U

�

[A;U ℄E

U

(�) � aE

U

(�) +K: (FF)

Suppose also that (V � 1) 2 K (H). Then, V U has at most

�nitely many eigenvalues in � (multipli
ities 
ounted), and V U

has no singular 
ontinuous spe
trum in �.

� The Mourre estimate (FF) is expressed only in terms of U

(V is the perturbation).

� UV and V U are unitarily equivalent sin
e UV = U(V U)U

�

.
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4 Perturbations of the Schrödinger free

evolution

The free evolution U

t

:=

e

�itP

2

in L

2

(R

d

) satis�es for ea
h t > 0

�(U

t

) = �

a


(U

t

) = T :

The operator

A :=

1
2

n

�

P

2

+ 1

�

�1

P �Q+Q � P

�

P

2

+ 1

�

�1

o

is essentially self-adjoint on S (R

d

), and U 2 C

1

(A) with

(U

t

)

�

[A;U

t

℄ = 2tP

2

(P

2

+ 1)

�1

:

(further 
ommutations on S (R

d

) show that

U 2 C

2

(A) � C

1+0

(A))
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If 
losure(�) \ f1g = ?, there exists Æ > 0 su
h that

E

U

t

(�)(U

t

)

�

[A;U

t

℄E

U

t

(�) � 2tÆ(Æ + 1)

�1

E

U

t

(�):

So, all the assumptions for U

t

are satis�ed, and we have:

Lemma 1.8. If V 2 C

1+0

(A) with (V � 1) 2 K (H), then the

eigenvalues of V U

t

outside f1g are of �nite multipli
ity and


an a

umulate only at f1g. Furthermore, V U

t

has no singular


ontinuous spe
trum.

(This extends previous results on the S
hr�odinger free evolution U

t

perturbed by periodi
 ki
ks ; for instan
e for V =

e

iB

with B = B

�

of �nite rank.)
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5 Cocycles over irrational rotations

Let H := L
2

�

[0; 1)

�

with addition modulo 1 on [0; 1), take

� 2 R n Q , and let f : [0; 1)! R be measurable.

De�ne for ' 2 H and almost every x 2 [0; 1)

(V ')(x) :=

e

2�ix

'(x) and (U')(x) :=

e

2�if(x)

'([x+ �℄);

with [y℄ := y modulo 1.

(V is the unitary multipli
ation operator by the variable in T and

U is the unitary operator asso
iated with the \
o
y
le" f over the

rotation by �.)
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U and V satisfy the 
ommutation relation of the irrational rotation

algebra:

UV =

e

2�i�

V U:

Thus, U and V have full spe
trum

�(U) = �(V ) = T ;

and �(U) has uniform multipli
ity and is either purely pun
tual,

purely singular 
ontinuous or purely Lebesgue [Helson 1986℄.

We treat the 
ase where

f := m id+h;

with m 2 N

�

, id : [0; 1)! [0; 1) the identity fun
tion and

h : [0; 1)! R an a.
. fun
tion satisfying h(0) = h(1).
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Let P be the di�erentiation operator on [0; 1); namely,

P' := �i'

0

; ' 2 D(P ) :=

�

' 2 H j ' a.
.; '

0

2 H and '(0) = '(1)

	

:

If h

0

2 L

1

�

[0; 1)

�

, one has for ' 2 D(P )




P';U'

�

�




';UP'

�

=




'; 2�

�

m+ h

0

�

U'

�

;

and thus U 2 C

1

(P ) with U

�

[P;U ℄ = 2�

�

m+ h

0

([ � � �℄)

�

.

Thus, by imposing some 
ondition on the size of h

0

, one would

obtain that U

�

[P;U ℄ is stri
tly positive (as did [Kushnirenko 1974℄

in another set-up).

But, one can obtain such a positivity without any condition

on the size of h0 . . .
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Consider the self-adjoint operator

P

n

:=

1

n

n�1

X

j=0

U

�j

PU

j

:

Then, U 2 C

1

(P

n

) with

U

�

�

P

n

; U

�

= U

�

1

n

n�1

X

j=0

U

�j

[P;U ℄U

j

= U

�

2�

n

n�1

X

j=0

U

�j

�

m+ h

0

�

U

j+1

= 2�

 

m+

1

n

n

X

j=1

h

0

([ � � j�℄)

!

:
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But, the unique ergodi
ity of the rotation by � implies that

lim

n!1












1

n

n

X

j=1

h

0

([ � � j�℄)












L1([0;1))

=

Z

1

0

dxh

0

(x) = h(1)� h(0) = 0:

Thus,

�
�

1

n

P

n
j=1

h

0

([ � � j�℄)

�
�

is as small as desired and

U

�

[P

n

; U ℄ � 2�

 

m+

1

n

n

X

j=1

h

0

([ � � j�℄)

!

is stri
tly positive if n large enough. Moreover, if h

0

is

Dini-
ontinuous, then U 2 C

1+0

(P

n

) and U satis�es all the

required assumptions.

So, U has a purely Lebesgue spectrum equal to T .
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