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Commutators in one Hilbert space

Commutators in one Hilbert space

H, Hilbert space with norm || - || and scalar product (-, -)

e AB(H), set of bounded linear operators on H

H (M), set of compact operators on H

U, unitary operator in H with spectral measure EY(-) and spectrum

o(U) Cc St = {e |y €[0,27)}

A, self-adjoint operator in H with domain D(A)



Commutators in one Hilbert space

Definition
U € CK(A) if the map

R >t e A Ue™ e B(H)

is strongly of class Ck.

U € CY(A) if and only if
(o, UAp) — (Ap, Up)| < Const. lell> for all p € D(A).

The bounded operator associated to the continuous extension of the
quadratic form is written [U, A], and

e M e ¢ B(H).

iU, Al =
(U, Al=s-41,_,

~dt



Commutators in one Hilbert space

Definition
U € CY*¢(A) for some ¢ € (0,1) if U € C}(A) and

[e=*4[U, Al ™ —[U, Al[| 4y < Const. = forall t € (0,1).

One has the inclusions:

C%(A) c C*5(A) c CYA) c B(H).



Commutators in one Hilbert space

Theorem (Fernandez-Richard-T. 2013)

Let U € C'*¢(A) and suppose there exist an open set © C S', a > 0 and
K € 2 (H) such that

EY@©)U YA UIEY(®) > aEY(0) + K. (%)

Then, U has at most finitely many eigenvalues in ©, each one of finite
multiplicity, and U has no singular continuous spectrum in ©.

e The inequality (%) is called a Mourre estimate for U on ©.
e The operator A is called a conjugate operator for U on ©.

e If K =0, then U has purely absolutely continuous spectrum in
©Na(U).

e In fact, one obtains a limiting absorption principle (resolvent
estimate) under the hypotheses of the theorem.
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Quantum walks with an anisotropic coin

Quantum walks with an anisotropic coin

Time

e
AN |

Classical random walk (a) and quantum walk (b) (from nature.com)


http://www.nature.com/nature/journal/v484/n7392/fig_tab/nature11035_F1.html

Quantum walks with an anisotropic coin

In the Hilbert space

H = (%(2,C?) = {w 17— C D) V()2 < oo} ,

XEZ

the evolution operator of the quantum walk is

U.=5C
with
VO (x+1 w(0) ,

(CV)(x) = C(x)V¥(x), VeH, xecZ, C(x)ecU(2). (coin)

The operator U is unitary because S and C are unitary.



Quantum walks with an anisotropic coin

C is short-range and anisotropic at infinity:

Assumption (Anisotropic coin)
There exist Cy, C, € U(2), k¢, ke > 0, and e, &, > 0 such that

|C(x) — CZH%(@) < rg|x|TIE ifx <0

|C(x) - G < Rkelx|7FE ifx >0,

B(C2)

with indexes £ for “left” and r for “right”.

Quantum walks satisfying this are called quantum walks with an
anisotropic coin.

They include one-defect models, two-phase quantum walks, and
topological phase quantum walks as special cases.



Asymptotic evolution operators

Asymptotic evolution operators

The assumption furnishes two unitary operators
Ug = SCg and Ur = SCr
describing the asymptotic behaviour of U on the left and on the right.

We use the parametrisation

. i(o—0x/2) b i(Be—5./2)
_ 06y /2 ay € . € -
CG=e <_b* e~ i(B:=0:/2) 5, e—i(a*_g*/2)> , x=4Lr,

with ay, b, € [0,1] such that a2 + b2 = 1, and ay, B4, 0, € (—7, 7.
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Asymptotic evolution operators

Lemma (Spectrum of U,)
(a) If a, =0, then U, has pure point spectrum
o(Uy) = ap(Uy) = {ie®/2 —jel®/2},
(b) Ifa, € (0,1), then U, has purely absolutely continuous spectrum

a(Us) = 0ac(Us) = {7 | ¥ € [04/2 + 04, + 6,/2 — 6,]
Ulr+6,/2 4 0,,2m + 8, /2 — 6,]}

with 0, := arccos(ay).

(c) If a, =1, then U, has purely absolutely continuous spectrum

o(U,) = 0ac(Uy) = S
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Asymptotic evolution operators

Idea of the proof.

(a) Let K := L2 ([0, 2), %,Cz) and .# : 'H — K the Fourier transform

(ZV)(k):=> e ™ W(x), Ve, kel0,2m)
XEZ

For f € K and a.e. k € [0,27)

— L~ ek 0
(F U, Z*F)(k) = Uu(K)F (k) with (k) = <o e,.k> C. € U(2),

and the claim follows by solving for A, j(k) € S! the characteristic equation

—

det (Up(k) — A j(k)) =0, j=1,2, ae ke[0,2r).

(b)-(c) With similar arguments we prove all the claims, except that U, has
purely absolutely continuous spectrum.




Asymptotic evolution operators

Idea of the proof (continued).

For this, we use Mourre theory with conjugate operator
A*\U::%(X*V*—i—V*X)W VeDA —{\IJGH|VW€D(X)}.
Ve = F*V,F ¢ PB(H) is the velocity operator for U, given by
(V*f)(k) = Vi(k)f(k), feK, ae kel0,2n),

where

M, (k) € B(C?) orthogonal projection for A j(k).
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Asymptotic evolution operators

Idea of the proof (continued).

X, = 9’*)/(;? with 5(: a first order differential operator.
The coefficients of X, are chosen so that U, € C2(A,) with
UZYA,, U] = V2

This gives a Mourre estimate for U, on o(U,) \ do(U,) because V? is
strictly positive on o(Uy) \ do(U,).

Thus, the abstract theorem implies that U, has purely absolutely
continuous spectrum. O
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Commutators in two Hilbert spaces

Commutators in two Hilbert spaces

U, unitary operator with spectral measure EY(-) and spectrum o (U)
in a Hilbert space H

Up, auxiliary unitary operator with spectral measure £Y%(-) and
spectrum o(Up) in an auxiliary Hilbert space Ho

Ao, self-adjoint operator in Hg with domain D(Ap)

J € B(Ho,H), identification operator
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Commutators in two Hilbert spaces

Theorem
Assume that
(i) Uo € CY(Ao) in Ho,
(ii) there is 2 C D(AoJ*) C H with JAgJ* essentially self-adjoint on 7,
and self-adjoint extension denoted by A,

(iii) compacity conditions relating U, Uy, Ay and J.

Then, if Uy satisfies a Mourre estimate with respect to Ag on ©, U also
satisfies a Mourre estimate with respect to A on ©.

Thus, if U € C1T4(A) and Uy satisfies a Mourre estimate with respect to
Ao on ©, then U has at most finitely many eigenvalues in © (multiplicities
counted), and U has no singular continuous spectrum in ©.

16 /24



Structure of the essential spectrum

Structure of the essential spectrum

To study the essential spectrum of the operator U of the quantum walk,
we apply these commutator methods with auxiliary unitary operator

U =UadU in Ho=HDH.

The operator Uy encodes the information of Uy and U,.
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Structure of the essential spectrum

As intuition suggests, we have:

Theorem (Essential spectrum of U)

Oess(U) = a(Up) = a(Up) Ua(U).

Idea of the proof.
U can be represented in a crossed product C*-algebra A C Z(H), and the
image of U in the quotient algebra A/ Z (H) is equal to Up.

Thus,
Oess(U) = a(Up) = a(Up) Ua(U).
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Structure of the essential spectrum

What about the nature of ge(U) ?
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Structure of the essential spectrum

We define the identification operator J € #(Ho, H) as

J(\Ufawr) ::./.Kwﬁ +jrwr> (\Uﬁawr) € HOa

with
1 ifx>0
v = - and jy:=1— .
Jr(x) {0 fx< 1 Je J
Je(x) Je(x)
» X » X




We choose Ag := Ay @ A, in Hg as conjugate operator for Uj.

e Since U, € C%(A,) with U [A,, U] = V2, we have
Uo € C3(Ap) with Ujt[Ag, Ugl = V§ and Vo=V, @ V.

This gives a Mourre estimate for Uy on o(Up) \ {90 (Up) U do(U,)}.

e Using Nelson's commutator theorem, we show that JAgJ* is
essentially self-adjoint on

2 :={V € 1 |V has finite support},

with self-adjoint extension denoted by A.

e Using the short-range assumption, we show the compacity conditions
relating U, Uy, Ag and J, and the regularity condition U € C1¢(A)
for e € (0,1) with e < min{ey, &, }.

(some toroidal pseudodifferential calculus is needed)
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Structure of the essential spectrum

Combining these results with the abstract theorem in the two-Hilbert
spaces setting, we get:

Theorem (Spectrum of U)

For any closed set © C T \ {0c(U;) U da(U,)}, the operator U has at
most finitely many eigenvalues in ©, each one of finite multiplicity, and U
has no singular continuous spectrum in ©.

The set
7(U) := 9o (U;) U 9o (U,)

is interpreted as the set of thresholds of U, in the same way the singleton
{0} = 0[0, 00) is interpreted as a threshold in the Schrodinger case.



Structure of the essential spectrum

Gracias !
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